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We welcome you as a Student of the Third year B.sc degree Course in 
mathematics. 

This Ancillary paper — I deals with Graph Theory. The learning material for 
this paper will be supplemented by Contact seminars. . 

Learning through the Distance Education mode, as you are all aware, 
involves self — learning and self — assessment and in this regard you are expected 
to put in disciplined and dedicated effort. 

On our part, we assume of our guidance and support. 
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INTRODUCTION 
1.0 INTRODUCTION 


In the last three decades graph theory has established itself 
as a worthwhile mathematical discipline and three are many 
applications of graph theory to a wide variety of subjects which 
include Operations Research, Physics, Chemistry, Economics, 
Genetics, Sociology, Linguistics, Engineering, Computer Science 
etc. 

The development of many branches in Mathematics has 
been necessitated while considering certain real life problems 
arising in practical life or problems arising in other sciences. Such 


a development may be roughly described as follows. 


DEBUC TIONS 


MATHEMATICAL MODEL | MATHEMATICAL SOLUTION 






TRANSLATION INTERPRETATION 


REAL LIFE SOLUTION 


Graph theory also has been independently discovered many 


REAL LIFE PROBLEM 


times through some puzzles that arose from the physical world, 
consideration of chemical isomers, electrical networks etc. 

In this chapter some fundamental concepts dre notations of 
graph theory are introduced and types of graphs and subgraphs are 
examined in detail with number of en A 
1.1 THE KONIGSBERG BRIDGE PROBLEM 

The first paper is Graph Theory was written by Euler in 
1736 when he settled the famous unsolved problem of his day, 


known as the Konigsberg Bridge problem. Konigsberg (55.2° 


Space for Hints North lattitude and 22° East longitude) is now called Kaliningrad and is 
| in Lithuania which recently separated from U.S.S.R. The two islands 


and seven bridges are shown in figure 1.1 


Bridge Bridge 
Bridge 
Bridge 7 g Bridge 





Bridge 


River 





Figure 1.1 


The people of Konigsberg posed the following question to 
famous Swiss Mathematician Leon hard Euler: 

“Beginning anywhere and ending anywhere, can a person walk 
through the town of Konigsberg crossing all the seven bridges exactly 
once?” 

Euler showed that such a walk is impossible. He replaced the 
islands A, B and the two side (banks) C and D of the river by vertices 
and the bridges as edges of a graph. We note then that 

deg (A) = 3, deg (B) = 5, 
deg (C) = 3, deg (D) = 3. 


Thus the graph of the problem is as shown in figure 1.2 


A (Tsiand) 
(Side of the river) D | 


C (Side of the river) 


B (island) 


(Euler’s graphical representation of seven bridges problem) 
Figure 1.2 

The Problem then reduces to 

“Is there any Euler’s path in the above diagram?” 
To find the answer, we note that there are more than two vertices 
having odd degree. Hence there exists no Euler path for this graph. 

The Konigsberg bridge problem is the same as the problem 
of drawing the above figure without lifting the pen from the paper 


and without retracing any line and coming back to the starting 


point. This problem was generalized and a necessary and sufficient | 


condition for a graph to be so traversable has been obtained. 
1.2 FOUR COLOUR PROBLEM 


One of the most famous problems in Graph Theory is the 


four colour problem. The problem states that any map on a plane | 


or on the surface of a sphere can be coloured with four colours in 
such a way that no two adjacent countries have the same colour. 
This problem can be translated as a problem in Graph theory. 

We represent each country by a point and joint two points 
by a line if the countries are adjacent. The problem is to colour the 
points in such way that adjacent points have different colours. This 
problem was first posed in 1852 by Francis Guthrie, a post — 
graduate student at the University College, London. This problem 
was finally proved by Appel and Haken in 1976 and they have 
used 400 pages of arguments and about 1200 hours of compter 
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time on some of the best computers in the world to arrive at the 


solution. 


1.3 GRAPHS 


1.3.1 DEFINTION AND EXAMPLES 
Definition.1.3.1 

A graph G consists of a pair (V(G), X(G)) where V(G) 1s a 
non-empty finite set whose elements are called points or vertices and 
X(G) is a set of unordered pairs of distinct elements of V(G). 

The elements of X(G) are called lines or edges of the graph G. 


If x = qu, v}e X(G), the line x issaid to joint u and v. We write 
x = uv and we Say that the points u and v are adjacent. 
We also say that the point uand the line x are incident with 


each other. 


If two distinct lines x and yare incident with a common point 


then they are called adjacent lines. 

A graph with p points and q lines is called a (p,q) graph. 

When there is no possibility of confusion we write V(G) = V 
and X(G) = X. 
Remark 

It is customary to represent a graph by a diagram and refer to 
the diagram itself as the paragraph. Each point is represented by a 
small dot and each line is represented by a line segment joining the 
two points with which the line is incident. Thus a diagram of the graph 
depicts the incidents relation holding between its points and lines. In 
drawing a graph it is immaterial whether the lines are drawn straight or 
curved, long or short and what is important is the incidence relation 
between its points and lines. 
Examples 

wl. Let V = {a,b,c,d} and X = {{a, b} {a,c}. {a,d}}. 
4 


G =(V,X) is a (4,3) graph. This 


represented by the diagram given in Fig.1.3 


d 


b C 


Figure 1.3 


be 


In this graph the points a and b are adjacent whereas 


b and c are non-adjacent. 


2. Let 


V = {1,2,3,4} and 


X = { {1,2}, 11,3}, {1,4} {2,3}, {2,4}, {3,4}. G=(V,X)is 


a (4, 6) graph. 


This graph is represented by the diagram given in Fig1.4 
| Although the lines {1,2} and {2,4} intersect in the diagram, their 


intersection is not a point of the graph. 


© 





Figure 1.4 


Fig.!.5 is another diagram for the graph given in Fig.1.4 
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Figure 1.5 


3. The (10,15) graph given in Fig.1.6 is called the Petersen 


graph. 





Figure 1.6 


Remark 


The definition of a graph does not allow more than one line 
joining two points. It also does not allow any line joining a point to 


j itself. Such a line joining a point to itself is called a loop. 
Definition.1.3.2 


If more than one line joining two vertices are allowed, the 
resulting object is called a multigraph. Lines joining the same points 
are called multiple lines. If further loops are also allowed, the 


resulting object is called a Pseudo graph. 


Example 


Fig. 1.7 is a multigraph and Fig 1.8 is a pseudo graph. Figure 
6 


1.2 of the Konigsberg bridge problem is a multigraph. 


me Z 


s 


Figure 1.7 Figure 1.8 


Definition: 1.3.2. (a) 


The set of all vertices adjacent to a vertex v is called the 


neighbourhood of v and is denoted by N(v). 


Example: 





Figure 1.8(a) 


Here, the neighbourhood of b is {a,d,u}and {e,,e,,e,} are 


incident with b. 
Remark: 

Let G be a (p, q) graph. Then q < (B) and q = (P iff any 
two distinct points are adjacent. 


Definition: 1.3.3 


A graph in which any two distinct points are adjacent is 


called a complete graph. 


Space for Hints 


Space for Hints Note: 


The coinplete graph with p points is denoted by K,. 


Example: 


Kə K; Ka 


Ks 
Figure 1.9 


Note: 
The complete graph of 5 vertices, K,is called kuratowski’s 
first graph. 
Definition: 1.3.4 


A graph whose edge set is empty is called a null graph or a 


totally disconnected graph. 


Example: 
4 va 
o Vs 
g? Oa 


Figure 1.9 (a) 


Definition: 1.3.5 


A graph G is called labelled if its p points are distinguished 


from one another by names such as V,,V,,.......,V,- 


The graphs given in Fig. 1.3 and 1.5 are labelled graphs and 
the graph in Fig 1.9 is an unlabelled graph. 


Definition: 1.3.6 


A graph G is called a bigraph or bipartite graph if V can | 


be partitioned into two disjoint subsets V,and V, such that every 


line of G joins a point of V,to a point of V,. (V,,V,)is called a | 


bipartition of G. If further G contains ever line joining the points 


of V,to the points of V,then G is called a complete bigraph. If | 


V, contains m points and V, contains n points then the complete 


bigraph G is denoted by K 


m,n ° 


The graph given in Fig. 1.3 is K,,. The graph given in Fig. 


1.10 is K,,. K, is called a star for m21. 





Figure 1.10 
Definition: 1.3.7 
Finite and Infinite Graphs 


A graph with a finite number of vertices as well as a finite 
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graph. 


Examples of Finite graphs 


number of edges is called finite graphs, otherwise it is an infinite 





Problem: 1 
Draw all graphs with 1, 2, 3 and 4 points. 


Solution: 


Take point : 1 o 


Points 2 V, V5. o 
Points o 
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De es 
Points : 4 
Here 


Problem: 2 





Find the number of points and lines in K,- 


Solution: 


a 


Wo 


B, 
=i. 
$ 
\, aS 
po 
q = 2;p = 4 
Here 
ae 
a Here 
< Here 
xe 
Here 
Ma 
V 


e sa BA 
O——~0 


p= 4) 
q=3 
p=4; 
q=4 
p=4; 
q=5 
p = 4; 
q=6 
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opace fot Hints 


CORD, a ARO 7L F AG ai aroa 


Let K „„be the complete bipartite graph. 


.. The number of points is m+n. 
.. The number of edges is mn. 


For example: consider a graph k,, 


.. [he number of points = 3+3=6 
.. The number of edges = 3x3 =9 
1.4 DEGREES 
Definition: 1.4.1 


The degree of a point v in a graph G is the number of lines 
incident with v,. The degree of v denoted by d,(v,)or deg v or 


simply d(v,). 


A point v of degree 0 is called an isolated point. A point v of 


degree | is called an end point (or) pendant vertex. 


Example: 





Here d(v,)=d(v,)=2 
d(v,)=d(v,) =3 


d(v,)=1 [°. Here v, end point] 


12 


Space far Hints 


d(v,)=3 [-. Here v,- self loop] 
d(v,)=0 [*.. Here v,- isolated point] 
Note: 1 | 


An edge of a graph that joins a node to itself is called loop 


or self loop. 
1.e., A loop is an edge (v ,V,) where v,=v,. 
Note: 2 
The degree of the vertex for self — loop is two. 
Fundamental Theorem of Graph Theory: 
Theorem: 1.1 
The sum of the degrees of the points of a graph G is twice 
the number of lines. i.e, X deg v, = 2q. 
Proof: 


Every line of G is incident with two points. Hence every 


line contributes 2 to the sum of the degrees of the points. 


Hence $, deg v, = 2q 


Corollary: 
In any graph G the number of points of odd degree is even. 
Proof: 


Let Vi V2>------ V, denote the points of odd degree and 


_W,,W,,......W,, denote the points of even degree in G. 
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: | k m 
i laa By theorem 1.1, $, deg v, +, deg w, =2q which is even. 
| =| 


=] 


m 


Further X, deg wis even. 


k 
Hence $ deg v, is also even. But deg v, is odd for each i. 


=} 


Hence k must be even. 


Example: 1 


| LetGbea graph 
Number of edges in G = 6 
.. Sum of all degrees of all degree vertices = 12. 
Example: 2 


Consider the above example (1) figure, v,and v, have odd 


degree whose sum is 6. 
| Definition: 1.4.2 
For any graph G, we define 


0(G) = min{deg v/v e V(G)} and 
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A(G) = max {deg v/ve V(G)}. Space for Hints 


If all the points of G have the same degree r then 


0(G) = A(G)=r and in this case G is called a regular graph of 


degree r. 


Note I: 


A regular graph of degree 3 is called a cubic graph. 


Note 2: 


The complete graph K, is regular of degree p — 1. 


Example: 1 


(ALIS 


G,,G,,G,,G, are regular graphs. 


Example: 2 


EX A 


G,,G,,G, are cubic graphs. 


Definition: 1.4.3 


If every vertex of a graph G is of degree 2, then G is said to 
b a cyclic graph or a cycle or a circuit. Thus a cyclic graph is 
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| 2 — regular. 


ee 


| a E O. 
G; G? G3 
The above cyclic graphsG,,G,,G,, are usually known as a 
triangle, a quadrilateral and a pentagon respectively. 
Theorem: 1.2 
Every cubic graph has an even number of points. 


Proof: 


Let G be a cubic graph with p points. Then ` deg v = 3p 


which 1s even by theorem 1.1. Hence p is even. 


Problem: 1 


Let G be a (p, q) graph all of whose points have degree k or k 


+1. 
If G has t > Opoints of degree k, show that t=p(k+1)—2q. 


Solution: 


Since G has t points of degree k, the remaining p —t points have 


degreek +1. Hence »y d(v) = tk+(p—t)(k +1). 


ve V 


*.tk+(p-t)(k+1)=2q. 
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t=p(k+1)—2q. 
Problem: 2 


Show that in any group of two or more people, there are 


always two with exactly the same number of friends inside the 


group. 
Solution: 


We construct a graph G by taking the group of people as the 
set of points and joining two of them if they are friends. Then 


deg v = number of friends of v and hence we need only to prove 


that at least two points of G have the same degree. 
Let V(G) = {V aN r Va 
Clearly 0 < degv, < p-—-lfor each 1. 


Suppose no two points of G have the same degree. Then the 


degrees of v,,v,,......,v, are the integers 0, 1, 2.....,p—1 In some 


order. However a point of degree p — 1 is joined to every other 
point of G and hence no point can have degree zero which is a 


contradiction. Hence there exist two points of G with equal degree. 


Problem: 3 


Prove that 6< Z <A. 
p 


Solution: 


Let V(G) = {v,,V,,....-.. VJe 


We have 5s deg v, < A for all i. 
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P 
Hence pd< $, deg v, SpA. 


1=] 


<. pÒ < 2q <S pA (by theorem 1.1). 


i ETA 


p 


Problem: 4 


Let G be a k — regular bigraph with bipartition (V,, V,)and 


k > 0. Prove that | V, |= V, |. 


Solution: 


Since every line of G has one end in V,and other end in V,, it 


follows that $, d(v)= È, d(v)=q. 


ve V, ve V, 


Also d(v)=k for all ve V =V, UV,. Hence ¥' d(v)=k V,| 


ve V 


and $, d(v)=k| V, |so that k| V, =k} V, |. 


ve V, 


Since k >0, we have | V, |=| V, |. 


Exercises: 


1. Give an example of a regular graph of degree 0. 

2. Give three examples for a regular graph of degree 1. 

3. Give three examples fore regular graph of degree 2. 

4. What is the maximum degree of any point in a graph with p 
points? 

5. Show that a graph with p points is regular of degree p — 1iff it is 
complete. 

6. Let G be a graph with at least 2 points. Show that G contains 


two vertices of the same degree. 
18 


7. A (p, q) graph has t points of degree m and all other points 


are of degree n. Show that (m—n)t+pn=2q. 
1.5 SUBGRAPHS 


Definition: 1.5.1 


A graph H=(V,,X,)is called a subgraph of G=(V, X) if 
V,cGVand X c X. If H is a subgraph of G we say that G is a 


supergraph of H. H is called a spanning subgraph of G if 
V,=V.H is called an induced subgraph of G if H is the 


maximal subgraph of G with point set V,. 


Thus, if H is an induced subgraph of G, two points are 
adjacent in H iff they are adjacent in G. If V,cV, then the 


induced subgraph of G with point set V,is called the subgraph of 
G induced by V, and is denoted by G[V, ]. 


If X, cX, then the subgraph of G with line set X, and 


having no isolated points is called the subgraph line induced (edge 


induced) by X, and is denoted by G[X, ]. 


Examples: 


Consider the Petersen graph G given in Fig. 1.6. 
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Figure 1.11 Figure 1.12 Figure 1.13 


The graph given in Fig. 1.11 is a subgraph of G. The graph 
given in Fig. 1.12 is an induced subgraph of G. The graph given in 


Fig. 1.13 is a spanning subgraph of G. 
Deiinition: 1.5.2 

Let G=(V,X)be a graph. Let v e V. The subgraph of G 
obtained by removing the point v and all the lines incident with V is 


called the subgraph obtained by the removal of the point v and is 


denoted by G-v. 


Thus if G—v,=(V,,X,)then V, =V-{v }and X ={x/xeX 


and Xis not incident with v, }. 
Clearly G—v,is an induced subgraph of G. 


Let x € X. Then G-x, = (V,X—{x,})is called the subgraph 
of G obtained by the removal of the line x,. Clearly G-x is a 


spanning subgraph of G which contains all the lines of G except X 


The removal of a set of points or lines from G is defined to be 


the removal of single elements in succession. 


Definition: 1.5.3 


Let G=(V,X)be a graph. Let V, V be two points which are 
20 
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i 
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$ 
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not adjacent in G. Then Gt+vv, =(V,X Uj{y,,v })is called the 


graph obtained by the addition of the line v,v toG. 


Clearly G+vv, is the smallest super graph of G 


containing the line v,v,.We illustrate the concepts in figure 1.14. 


all ; ° tl 
Ty} 
š ot a V a ~~ 
N y A 
` J XY | 
ne G — UY E . 
T ~“ u Lem Hd 
Figure 1.14 


The proof given in the following theorem 


severa! proofs in graph theory. 


Theorem 1.3 


Y ramen et et ewe ore A 


is typical of 


The maximum number of lines among all p point graphs 


with no triangles is =| 
| 4 


([x] denotes the greatest integer not exceeding the real 


number x). 


Proof 


The result can be easily verified for p < 4. 


For p> 4, we will prove by induction separately for odd p and 


for even p. 
Part: i 


For odd p. 


Space for Hints 


p 
Space for Hints Suppose the result is true for all odd p < 2n+ 1 


Now let G be a (p,q) graph with p = 2n + 3 and no triangles. 


4 


de 


If q=0,then q < =| Hence let q> 0. Let u and v be a pair of 


adjacent points in G. The subgraph G' = G — {u,v} has 2n + 1 points 


and no triangles. Hence by introduction hypothesis, 


| (2n + 1) 4n° + 4n +1 
Gy |e Se 
ida OEE) O 


l > 
[m +n =n ... (1) 


Since G has no triangles, no point of G' can be adjacent to both 
uand v in G awh) 
Now, lines in G are of three types. 


I. Lines of G' (< n* +n in number by (1)) 
II. Lines between G' and {u, v} (< 2n + lin number by (2)) 
lil. Line uv. 


Hence q < (n° +n) +(2n+1)+1 =n’? +3n+2 


= Z (4n? + 12n + 8) 
—(4n°+12n+9 |I 
4 4 


_ {| 2n+3) | _ fp? 
4 4} 
Also for p= 2n + 3, the graph K „ın has no triangles and has 


22 


(n +1)(n +2)= n? +3n+2= B lines. Space for Hints 


Hence this maximum q is attained. 
Part: 2 
For even p. 
Suppose the result is true for all even p < 2n. 


Now let G be a (p,q) graph with p = 2n + 2 and no 


triangles. As before, let u and v be a pair of adjacent points in G 


and let G' = G — {u,v} 


Now G' has 2n points and no triangles. Hence by 


hypothesis, 


TOE eno) 


Lines in G are of three types. 


i. Lines of G'(<n* in number by (3)) 
ii. Lines between G' and {u,v} (< 2n in number by an 
argument similar to (2)) 


il. Line uv. 


Hence q < n? + 2n+1=(n+1) = 


(n+ 2)" _|p* 
4 4] 


Hence the result holds for even p also. 


We see that for p=2n+2. K an is a G B graph 
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without triangles. 
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1.6 ISOMORPHISM 

Definition: 1.6.1 


Two graphs G, =(V,,X,) and G, =(V,,X,) are said to be 
isomorphic. If there exists a bijection f : V, — V, such that u,v are 
adjacent in G, if and only if f(u),f(v) are adjacent in G,. If Gis 
isomorphic to G,. we write G, =G,. The map f is called an 


isomorphism from G, to G,. 


Examples 
Example: 1 


Consider the graphs G, and G, 


a 6 > 
cA 
D3 
E 4 
A a 
V(G,) =, 2, 3, 4} V(G,) = 1a, b, c, d} 
| E(G,) = {{L2}, {23} 13,4} } and 
E(G,) = { {a,b}, {b, df, 1d, c} }. 
Define a function f : V(G,) —> V(G,) as 
f(i)=a, f(2)=b, f(3)=d, and f(4) =c. 


f is clearly one — one and onto, hence an isomorphism. 
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Furthermore, {1,2} E(G,) and {f(1), f(2)} = {a,b} e E(G,) Space for Hints 
{2,3} E(G,) and T f(3)} = ib, dye E(G,) 
5,4} € E(G,) and {£(3),£(4)} = {d,c} e E(G,) 
And {1,2}¢ E(G,) and {f(1), f(3)} = {a,d}¢ E(G,) 
11,4} ¢ E(G,) and {f(1), f(4)} = fa, Ša E(G,) 
{12,4} E(G,) and {f(2), f(4)} = {b,c} ¢ E(G,) 


Hence f is preserves adjacency as well as non — adjacency of the 


vertices 
.. G, and G, are isomorphic graphs. 


Example: 2 


r S 
i m É 
a b . 
y H 
The graphs G, and G, are isomorphic because the function 


f: V(G,) —> V (G,) defined by 
f (£) =r, f(m) =t, f(n) = v, f(a) =s, f(b) = u, f(c) = w 
preserves adjacency and non — adjacency among the vertices. 

3. The graphs given in Fig.1.4 and Fig.1.5 are isomorphic. 


4. The two graphs given in Fig 1.15 are isomorphic. 


f(u,) = v, is an isomorphism between these two graphs. 
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Figure 1.15 


5. The three graphs given in Fig1.16 are isomorphic with each other. 





Figure 1.16 


Theorem 1.4 


Let f be an isomorphism of the graph G, =(V,,.X,) to the 
graph G, = (V,,X,). Let ve V,. Then deg v = deg f(v). 


l.€., isomorphism preserves the degree of vertices. 


Proof 


A point u€ V, is adjacent to v in G, iff f(u) is adjacent to 
f(v) in G,. Also f is a bijection. Hence the number of points in V, 
which are adjacent to v is equal to the number of points in V, which 


are adjacent to f(v). Hence degv= deg f(v). 


Remark 


Two isomorphic graphs have the same number of points and 
same number of lines. Also it follows from Theorem 1.4 that i 
isomorphic graphs have an equal number of points with a giy 
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ce It] ' sufficient to ensure that . 
degree. However these condition are not s Space for Hints 
two graphs are isomorphic. For example consider the two graphs 


given in Fig 1.17 


t) 
Weg ° 
ae 
(oceans ee eno nee aa 
wy Ww Pine ann 
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2 W3 Wy n Vy V2 UZ V4 Us 
‘5 
Figure 1.17 


By theorem 1.4 under any isomorphism w, must correspond to 
d , 

V,;W,,W;,W,must correspond to v,,vV,,V, in some order. The 

remaining two points w,,w, are adjacent whereas v,,v, are not 


adjacent. Hence there does not exist an isomorphism between these 
two graphs. However both graphs have exactly one vertex of 


degree 3, three vertices of degree | and two vertices of degree 2. 
Definition 1.6.2 


An isomorphism of a graph G onto itself is called an 


automorphism 
of G. 


Remark 


Let I (G) denote the set of all automorphisms of G. Clearly 
the identity map i: V-—> V defined by i(v)=v is an 
automorphism of G so that ie [(G).Further if @andB are 


automorphisms of G then œ. and a are also automorphism of 


G. 


Hence I (G) is a group and is called the automorphism 


MALRA (jA AC st r eta 


group of G. 


is 
xd 


Space for Hints | Definition 1.6.3 


Let G=(V,X) be a graph. The complement G of G is 


defined to be the graph which has V as its set of points and two points 
are adjacent in G iff they are not adjacent in G. G 1s said to be a self 
complementary graph if G is tsomorphic to G: 

Example: (1) 


Complementary graph 


2. 
(2 9. 
ae 


Figure 1.18 (a) 
Example: (2) 


Self complementary graph 


-& 
i a e qd 


Figure 1.18 (b) 


Remark: 


It has been conjectured by Ulam that the collection of verts” 
deleted subgraphs G — v determines G upto isomorphism. 
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Ulam’s Conjecture 


Let G and H be two graphs with p points (p> 2) say 


Vie psu Va and Wo Wises W, 


subgraphs G, = G — v, and H, = H — w, are isomorphic, then 


the graphs G and H are isomorphic. 


Ulam’s conjecture is also known as reconstruction 


conjecture. 
Intersection graphs and line graphs 
Definition 1.6.4 


Let F= Sis S3,- S, f be a non — empty family of distinct 


non — empty subsets of a given set S. The intersection graph of 


F, denoted by Q (F) is defined as follows: 


The set of points V of Q(F) is F itself and two points 
S, ©; are adjacent if i #j and S, (f) S, # ®. A graph G is called an 
intersection graph on S if there exists a family F of subsets of S 


such that G is isomorphic to Q (F). 
Result: (1) 

Every graph is an intersection graph. 
Proof 


Let G=(V,X) be a graph. Let V = {Vi Vas- V f Let 
S=VUX. 


For each v, e V, let S = {v } U {xe X/v ex}. 


Clearly F = 4§,,S,,..,S,f is a family of distinct non — 
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respectively. If for each 1 the 
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aici j empty subsets of S. 


Further if v,,v, are adjacent in V then v,v, e S fS, and 


hence S (|S, #0. 


Conversely if S N S, #0 then element common to S f) S is 


the line joining v, and v, so that v ,v, are adjacent in G. Thus 


Hence G is an intersection graph. 


Definition 1.6.5 


Let G=(V,X)be a graph with X #0. Then X can be thought 
of as a family of 2 element subsets of V. The intersection graph Q(X) 
is called the line graph of G and is denoted by L(G). Thus the points 
of L(G) are the lines of G and two paints in L(G) are adjacent iff the 


f: V — F defined by f(v )=S_ is an isomorphism of G to Q (F). 
| 
| corresponding lines are adjacent in G. 

| 

| 


A example of a graph and its line graph are given in Fig. 1.19. 





Figure 1.19 
Result: 2 


Let G be a (p,q) graph. Then L(G) is a (q,q, ) graph where 
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Proof: Space for Hints 


By definition, number of points in L(G) is q. 


To find the number of lines in L(G). Any two of the d lines 


| | . . d.(d —1 
incident with v,are adjacent in L(G) and hence we get ich es > ) 
lines in L(G). 

Hence q, = y a 
==] 2 
p P 
2 yd? ma Yd 
=} 2 i=] 
1/2, 1 
— (2 Jz (by Theorem 1.1) 
Ls i=1 
Df aby 25 
=— d’ — 
; (È ) q 
Note: 
Figure 1.20 
Result: 3 


(Whitney). Let G and G' be connected graphs with 


isomorphic line graphs. Then G and G' are isomorphic unless one 


is K, and the other is K,,. 


3] 
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Definition: 1.6.6 


A graph G is called a line graph if G = L(H) for some graph H. 


Example: 


K,—X 18 a line graph as seen in figure 1.19. 


The following theorem is called Beineke’s forbidden subgraph 


characterisation of line graphs. 


Forbidden subgraph characterisation is an important and 


respected form of characterisation in Graph Theory. 
Result: 4 


(Beineke). G is a line graph iff none of the nine graphs of Fig 


S 
> 


1.20 is an induced subgraph of G. 


L © 
S è 
el € Ss 


Figure 1.20 
Problem: 1 


Prove that any self complementary graphs has 4n or 4n +1 


points. 
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Solution: 


Let G=(V(G), X(G)) be a self complementary graph with 


p points. 
Since G is self complementary, G is isomorphic to G. 


X(G) = X(G) . 


Also X(G) + X(G) =(:)= P2 


| X(G) |= et is an integer. 


Further one of p or p — 1 is odd 
Hence p or p — 1 is a multiple of 4. 
<. p is of the form 4n or 4n +1. 


Problem: 2 
Prove that r(G) =I(G). 
Solution: 
Let fe [(G) and let u, ve V(G). 
Then u,v are adjacent in G & u,v are not adjacent in G. 
<> f(u),f(v)are not adjacent in G. 


(since f is an automorphism of G) 
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<> f(u),f(v) are adjacent in G. 


Hence f is an automorphism of G. 


STEL (G) and hence I (G) g T(G) ' 


Similarly T(G) c T(G) so that r(G) =T(G). 


Problem: 3 


Show that isomorphism is an equivalence relation among 


graphs. 


| Proof: 


The identity map I on the vertex set V of the graph G is clearly 


an isomorphism of V onto itself and so G = G. That is the relation 


| isomorphism is reflexive. 


Let G,=G,. So there exists an isomorphism 


f: V(G,)— V(G,). Since f is bijective f~ :V(G,)— V(G,) exists 


| and is bijective. Further as f preserves adjacency, f also preserves 


adjacency. So fis an isomorphism of V(G,)onto V(G,). 
"G, =G, 
(i.e) G =G, >G, =G, 
So the relation is symmetric. 
Let G, = G, and G, =G, 


There exist isomorphisms f:V(G,)— V(G,)and 
2: V(G,)— V(G,). As f and g are bijective the composite map 


gof : V(G,) > V(G,)is also bijective. Again gof preserves adjacency 
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as both maps f and g preserve adjacency. Thus | 


gof: V(G ) + W/G,)is a bijective map preserving adjacency. So | 


gof is an isomorphism of V(G,) onto V(G,). That is G, =G,. 


Thus G,=G,and G, = G, =G, =G,. So the relation is 


transitive. 


Hence the relation of being isomorphic in the set of graphs 


is an equivalence relation. 
Probiem: 4 


Show that the two graphs given in fig 1.21 are not 


isomorphic. 





tg 
| T | 
Gy: | d 


Figure 1.21 
Solution: 


Graphs in fig. 1.21 are not isomorphic because it is not 


possible to define a function between V(G,)and V(G, ) preserving 


both adjacency and non — adjacency. 
Problem: 5 
Show that every simple graph on p vertices is isomorphic to 


a subgraph of K,. 


3) 
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Solution: 


Let G be any simple graph on p vertices. We xnow K, 1s a 


complete graph on p vertices which is the maximum simple graph on p 
vertices. If G is the maximum simple graph then G is isomorphic to 


K,. Since K is a subgraph of K, itself, we have G which is 
isomorphic to a subgraph of K,. If G is any other simple graph, then 
number of vertices of G is less than p—1, and hence G is isomorphic 


to a proper subgraph of K,. 


Problem: 6 


Prove that every induced subgraph of a complete graph is 


compete. 
Solution: 


Let G=(V,E)be a complete graph and H=(V,,E,)be an 


induced subgraph of G. To prove H is complete. 


Since G 1s complete, every pair of vertices in V are adjacent. 


Let V, c V. Now, E consists of those edges in E having both their 


ends in V,. 


Thus, every pair of vertices in V,must be adjacent, which 


implies H is complete. 
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UNIT — 2 
WALKS AND CONNECTED GRAPHS 
2.0 INTRODUCTION: 


In this unit we develop the basic properties of walks and 


connected graphs. 
2.1 WALKS TRAILS AND PATHS: 
Definition: 2.1.1 


A walk of a graph G is an alternating sequence of points 


and lines V,,X1.V)5X%o9Vo 90008 i ete 


ee Via oe E v, beginning and ending 


n? 


with points such that each vV,,X,,V,,X5,V55..-5V 
beginning and ending with points such that each line x, is incident 


with v., and v.. 


We say that the walk joins v,and v and it is called a 
Vv, —V, walk. v,is called the initial point arid v is called the 


terminal point of the walk. The above walk is also denoted by 


Vos Vio- V the lines of the walk being self evident. n, the number 


of lines in the walk, is called the length of this walk. 
A single point is considered as a walk of length 0. 


A walk is called a trail if all its lines are distinct and is 


called a path 1f all it points are distinct. 
Example: 


For the graph given in Fig. 2.1 v,,V,,V3,V4,V5,V,,V>,V<iS a 
walk. 


Gy 
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U4 V3 
Figure 2.1 
Vi V2, Va; V3, V2, V; 1S a trail but not a path. v,,v,,v,,V,1s a path. 
Obviously every path is a trail and a trail need not be a path. 


The graph consisting of a path with n points is denoted by P.. 


Definition: 2.1.2 
A v, — V, walk is called closed if v, = v.. 


A closed walk v,,V,,V,...5:V,=V,in which n23and 


a eee ,V__,are distinct is called a cycle of length n. 


n=l 


The graph consisting of a cycle of length nis denoted by C.. 


C,is called a triangie. 


vies? rca, pi Oy 


The length of a path is the number of edges in the path. It is 


denoted by £(p). 
Theorem: 2.1 
In a graph G, any u — v walk contains a u — v path. 
Proof: 
We prove the result by induction on the length of the walk. 
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Any walk of length 0 or 1 is obviously a path. 
Now, assume the result for all walks of length less than n. 


Let u=u,,U,,......,u, = vbe a u -— v walk of length n. 


If ail the points of the walk are distinct it 1s already a path. 
If not, there exist 1 andj such that O<$1<jSnandu, =u.. 
AU. sarees: u, =visa u-—vwalk of length 
less than n which by induction hypothesis conditions a u — v path. 
Theorem: 2.2 

If 62k, then G has a path of length k. 
Proof: 


Let v, be an arbitrary point. 
Choose v, adjacent to v,. 


Since 02k, there exists atleast k — l vertices other than v, 
which are adjacent to v,. Choose v, # v such that v,is adjacent 


to V,. 


In general, having chosen v,,V,,......v, where 1<i< 6there 


exists a point v # V ,v_,....,v,such that v „is adjacent to v , This 


process yields a path of length k in G. 
Aliter: 


Let P=(v,,V,,V,..-.-..V,) be a longest path in G. Then 


every vertex adjacent to v, lies on P. 


Since d(v,) 2 dit follows that length of P> 2k. 


Ri 
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Hence P, = (Vy, V; V33- V, ) 18 a path of length in G. 


Theorem: 2.3 
A closed walk of odd length contains a cycle. 
Proof: 
Let v = Va; Ype V, = V be a closed walk of odd length. 
Hence n 23. If n=3this walk is itself the cycle C, and hence 
the result is trivial. 
Now assume the result for all walks of length less than n. 


If the given walk of length n is itself a cycle there is nothing to 
prove. If not there exist two positive integers i and j such that 


i< J,{1,J} # {0,n}and v, = v. 


Now v,V..,...... vand V= Vgs Vgs Vis Vigor Va = Vare 


1? il? 
closed walks contained in the given walk and the sum of their lengths 


in n. 


Since n is odd at least one of these walks is of odd length which 


by induction hypothesis contains a cycle. 
Problem: 1 


If A is the adjacency matrix of a graph with 
VS E E ,V,}, prove that for any n 21 the (i, j)" entry of A” is 


the number of v, — v walks of length n in G. 


Solution: 


We prove the result by induction on n. 
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The number of v, — v_ walks of length 1 


l if v and v are adjacent 


0 otherwise 


Hence the result is true for n =1. 


We now assume that the result 1s true for n — 1. 


Let A™ = (a?) so that a" is number of v, — v walks of 


length n — lin G. 


Now A” A= (a Ya ). 


iN 


Hence (i, j)" entry of A” = Sal’ a, ...) 


k=l 


Also every v,—v,walk of length n in G consists of a 
v, —VąWalk of length n — 1 followed by a vertex v which is 


adjacent to v,. Hence if v is adjacent to v, then a, =land 


(n-i) 


a; a,,represents the number of v, — v, walks of length n whose 


last edge is v,v,. Hence the right side of (1) gives the number of 
v, — v walks of length n in G. This completes the induction and 


the proof. 
Exercises: 


l. Give an example of a closed walk of even length which 
does not contain a cycle. 

2. Give an example to show that the union of two distinct u — 
v walks need not contain a cycle. 

3. Prove that the union of two distinct u — v paths contains a 


le. 
cycle i 
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4. Show that if a line is in a closed trail of G then it is in a cycle of 


G. 
2.2 CONNECTED AND COMPONENTS 
Definition: 2.2.1 


Two points u and v of a graph G are said to be connected if 


there exists a u — v path in G. 
Definition: 2.2.2 


A graph G ıs said to be connected if every pair of its points are 


connected. 


A graph which 1s not connected is said to be disconnected. 


For example, for n >1the graph K , consisting of n points and 


no lines is disconnected. The union of two graphs is disconnected. 


It is an easy exercise to verify that connectedness of points is an 
equivalence relation on the set of points V. Hence V is partitioned into 


non — empty subsets V,,V.,,......,V, such that two vertices u and v are 


connected iff both u and v belong to the same set V.. 


Let G;denote the induced subgraph of G with vertex set V.. 
Clearly the subgraphs G,,G,,........ ,G_ are connected and are called the 


components of G. 


As 


O 
Figure 2.2 


Clearly a graph G is connected iff it has exactly c- 
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component. Fig 2.2 gives a disconnected graph with 5 


components. 


Theorem: 2.4 





A graph G with p points and 02 is connected. 


p-l 
2 
Proof: 


Suppose G is not connected. Then G has more than one 


component. Consider any component G, = (V,,X,) of G. 





Let v, € V,. Since 62 P— there exist at least £ points 


pti 
2 


P-l,] 
2 


in G, adjacent to v, and hence V, contains at least 


points. 


, +1 
Thus each component of G contains at least P 





points 


and G has at least two components. Hence number of points in 


G 2 p+1 which is a contradiction. Hence G is connected. 
Theorem: 2.5 


A graph G is connected iff for any partition of V into 


subsets V,and V, there is a line of G joining a point of V,to a 


point of V,. 
Proof: 
Suppose G is connected. 


Let V = V, UV, be a partition of V into two subsets. 


Let ue V, and ve V,. Since G is connected, there exist a 
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u—v path in G, say, U = Vy, Vja Vse Va = V. 


Let i be the least positive integer such that v, €e V,. (Such an 1 


exists since v, = ve V,). Then v, € V,and v,_,,v,are adjacent. Thus 
there is a line joining v_, € V, and v, € V,. 

To prove the converse, suppose G is not connected. 

Then G contains at least two components. 


Let V, denote the set of all vertices of one component and V, 
the remaining vertices of G. Clearly V = V, UV,is a partition of V 


and there is no line joining any point of V to any point of V,. 


Hence the theorem. 
Theorem: 2.6 
If G is not connected then Gis connected. 
Proof: 
Since G is not connected, G has more than one component. 


Let u,vbe any two points of G. We will prove that there is a 
u — v path in G. 
If u,vbelong to different components in G, they are not 


adjacent in G and hence they aré adjacent in G. 


If u,v lie in the same component of G, choose w in a different 


component. 


Then u,w,v isa u -— v path in G. Hence Gis connected. 
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Definition: 2.2.3 


For any two points u,vof a graph we define the distance 


between u and v by 


d(u,v) the length of a shortest u — v path if such a path exists 
u,v = A 
oo Otherwise 


If G is a connected graph, d(u,v) is always a non — negative 


integer. In this case d is actually a metric on the set of points V. 


Example: 


V2 





The paths connecting v, and v_are 


P =V, ©, Vo ©, Vz ©; V4 ©, V5 &g Ve ©; Vz 


I(P.) =6 


P, = V, €, V, €, V, €g V, 


I(P,)=3 


P, =v, €, V, e Ve VE V &g V; 


(P,) =5 


P, =v, €, V4 &s Vs &g Vg GeV 
I(P,) =4 
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Length of shortest path = 3 


.d(v,,v,)=3 


Remarks: 


(1) The distance of a vertex from itself is zero d(u,u) = 0 
(2) If there is no path connecting two vertices u and v, then the 


distance between them is defined to be infinity. 


(e.g) 


(1) The distance of an isolated vertex from any other vertex of a 
graph is infinity. 


(2) The distance between any two vertices of a null graph is infinity. 
u —v path 


In a graph G any path connecting the vertices u and v is called a 
u — v path. The length of the shortest u — v path is clearly the distance 


between u and v. 
Thus d(u,v)is the length of the shortest u — v path. 


Result: 


The distance between the vertices of a graph is a metric in the 


vertex set of the graph. 
Proof: 


The distance between two vertices u and v is the length of the 


shortest path between u and v and so is a non negative integer. 
<. d(u,v)2 0 (1) 
Distance of a vertex from itself is zero 
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“.d(u,u) =0. 
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Also if d(u,v) =0, then the vertices u and v coincide (ie) 


<. d(u, v) = 0iffu=v (2) 
d(u, v) = length of shortest (u-v) path 
= Jength of shortest (v — u) path 
= d(v,u) 
d(u, v) = d(v,u) (3) 
Let w be any other vertex 
d(u, v) =length of shortest (u-v) path 
<length of shortest (u, w) path 
+ length of shortest (w — v) path 
= d(u,w)+ d(w,v) 
<. d(u,v) < d(u,w) + d(w,v) (4) 


From (1), (2), (3), (4) we find that d is a metric in the set of 
vertices of the graph G. 


Note: 


If V is the vertex set of a graph G then (V,d)is a metric 


space. 
Diameter of a graph 


The diameter of a graph G is the maximum distance 
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Space for Hints | between any two vertices in the graph and it is denoted by d(G). 


V3 Vy 


y 
o— G i 
Yı Yy 


d(v,v,)=1 d(v,v,)=2 d(v,,v,)=2 d(v,,v;)=3 
d(v,,v,)=1 dv,,v,)=1 d(v,,v,)=1  d(v,,v,) =2 
d(v,,v,)=2 d(v,,v,)=1 d(vj,v,)=1 d(v,,v.)=2 
d(v,,v,)=2 d(vy,v,)=1 d(v,,v,;)=1 d(v,,v;)=1 
d(v.,v,)=3 d(v,,v,)=2 d(v,,v,;)=2 d(v,,v,)=1 


Maximum distance between two vertices is 3. Diameter of the 


graph, d(G) =3. 
Girth of a graph 


The minimum of the length of the cycles in a graph G is called 





its girth and it is denoted by g(G). 
If the graph is free from cycles then its girth is zero. 
Circumference of a graph 


The maximum of the lengths of cycles in a graph G is called its 


circumference and it is denoted by c(G). 


If the graph is free from cycles then its circumference is zero. 


48 


Space for Hints 
Example: 


‘Se 





The cycles are 


C,=V, V2 V3 Vs Vi (C,) =4 
C, = V, V, V; V, I(C,)=3 
C, = V, V, V, V, V, I(C,)=4 
C, =V, V, V, V, V; V, (C,)=5 
C, = V, V, V, V, V; V7 Vg V] I(C,)=7 
C, = V: V, V4 V; V7 Vg I(V,)=5 


Minimum length of a cycle = 3 

<. grith g(G)=3. 
Maximum length of a cycle = 7 

.. Circumference c(G) =7. 
Odd and even cycles 


A cycle in a graph is said to be odd or even according as 


its length is odd or even. 
(e.g) C,,C,,C,,C,are odd cycles. 
C,,C,are even cycles. 
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Theorem: 2.7 


A graph G with at least two points is bipartite iff all its cycles 


are of even length. 


Proof: 


Suppose G is a bipartite. Then V can be partitioned into two 


subsets V,and V,such that every line joins a point of V,to a point of 


V,. 
Now, consider any cycle V,,V,,V,5-...... ,V, = vof length n. 
Suppose VEV. Then Vis ga Vyganad E Vi and 
V,5V3,V5,--...€ V,. Further v, = v, € V and hence n is even. 


Conversely, suppose all cycles in G are of even length. We may 
assume without loss of generality that G is connected. (If not we 


consider the components of G separately). 


Let v, € V. Define V, = {ve V/d(v,v,)is even} 
V, =ive V/d(v,v,)is odd}. 


Clearly, V, VV, =@® and V UV, =V. 


We claim that every line of G joins a point of V, to a point of 


Suppose two points u,v e V, are adjacent. 


Let P be a shortest v, —upath of length m and let Q be a 


shortest v, — v path of length n. Since u, ve V both m and n are even. 
Now, let u, be the last point common to P and Q. 


Then the v, — u, path along P and the v, —u,path along Q are 
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both shortest paths and hence have the same length, say i. 


Now the u, —u path along P, the line uv followed by the 
v-u, path along Q _ form a cycle of length 
(m—1)+1+(n—1)=m+n-—2i+1 which is odd and this is a 


contradiction. 


Thus no two points of V,are adjacent. Similarly no two 
points of V,are adjacent and hence G is bipartite. Hence the 


theorem. 
Note: 


To study the measure of connectedness of a graph G we 
consider the minimum number of points or lines to be removed 


from the graph in order to disconnect it. 
Definition: 2.2.4 


A cut point of a graph G is a point whose removal 


increases the number of components. 


A bridge of a graph G is a line whose removal increases the 


number of components. 


Clearly if v is a cut point of a connected graph, G — v is 


disconnected. 


For the graph given in Fig. 2.3, 1, 2 and 3 are cut points. 
The line {1, 2} and {3, 4} are bridges. 5 is non — cut point. 





Figure 2.3 4 
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Theorem: 2.8 


Let v be a point of a connected graph G. The following 


statements are equivalent. 


l. visa cut- point of G. 

2. There exists a partition of V — {v} into subsets U and W such that 
foreach ue Uand we W, the point v is on every u — w path. 

3. There exist two points u and w distinct from v such that v is on 


every u — w path. 
Proof: 


(1) = (2). Since v is a cut point of G,G — v is disconnected. 


Hence G — v has at least two components. 


Let U consist of the points of one of the components of G — v 


and W consist of the points of the remaining components. 
Clearly V—{v} = UU Wis a partition of V — {v}. 


Let ue Uand we W. Then u and w lie in different 


components of G — v. Hence there is no u — w path in G- v. 
Therefore every u — w path in G contains v. 
(2) = (3). This is trivial. 


(3) = (1). Since v is on every u — w path in G there is no u — w 
path in G — v. Hence G — v is not connected so that v is a cut point of 


G. 
Theorem: 2.9 


Let x be a line of a connected graph G. The following 


statements are equivalent. 
52 


1. x 1s bridge of G. 


There exists a partition of V into two subsets U and W such 
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tat for every point ue Uand we W, the line x is on every 
u — w path. 
3. There exist two points u, w such that the line x is on every u 


— w path. 


The proof is analogous to that of theorem 2.8 and is left as an 


exercise. 
Theorem: 2.10 


A line x of a connected graph G is a bridge iff x is not on 


any cycle of G. 

Proof: 
Let x be a bridge of G. (1) 
Suppose x lies on a cycle C of G. 


Let w,and w, be any two points in G. 
Since G is connected, there exists a w, — w, path P in G. 


If x is not on P, then P is a path in G — x. 


If x is on P, replacing x by C — x, we obtain a w, — w, walk 
in G — x. This walk contains a w, — w, path in G — x. Hence G — x 


is connected which is a contradiction to (1). 
Hence x is not on any cycle on G. 
Conversely, let x = uv be not on any cycle of G (2) 
Suppose x ıs not a bridge. 
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Hence G — x is connected. 
<’. There is a u — v path in G—x. 


This path together with the line x = uv forms a cycle containing 


x and this contradicts (2). Hence x 1s a bridge. 


Theorem: 2.11 


Every non — trivial connected graphs has at least two points 


which are not cut points. 
Proof: 
Choose two points u and v such that d(u, v) 1s maximum. 
We claim that u and v are not cut points. 
Suppose v 1s a cut point. 
Hence G — v has more than one component. 
Choose a point w in a component that does not contain u. 


Then v lies on every u — w path and hence d(u,w) > d(u,v) 


which is impossible. 

Hence v is not a cut point. 

Similarly u is not a ut point. Hence the theorem. 
Blocks 
Definition: 2.2.5 


A connected non — trivial graph having no cut point is a block. 
A block of a graph is a subgraph that is a block and is maximal with 
respect to this property. 
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A graph and its blocks are given in Figure 2.4. 


D> [> a 


G 
T 
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Blocks of G 


Figure 2.4 


In the following theorem we give several equivalent 


conditions for a graph to be a block. 
Theorem: 2.12 


Let G be a connected graph with at least three points. The 


following statements are equivalent. 


I. G ıs a block. 

2. Any two points of G lie on a common cycle. 

3. Any point and any line of G lie on a common cycle. 
4 


. Any two lines of G lie on a common cycle. 
Proof: 
(1) = (2) Suppose G is a block. 


We shall prove by induction on the distance d(u, v) between 


u and v, that any two vertices u and v lie on a common cycle. 


Suppose d(u,v)=1. Hence u and v are adjacent. By 
hypothesis, G#K,and G has no cut points. Hence the line | 


x = uv is not a bridge and hence by Theorem 2.10. x is on a cycle 


of G. 
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Space for Hints Hence the points u and v lie on a common cycle of G. 


Now assume that the result is true for any two vertices at 


distance less than k and let d(u,v) =k 2 2. Consider a u—v path of 


length k. 


Let w be the vertex that precedes v on this path. 
Then d(u,w)=k—1 


Hence by induction hypothesis there exists a cycle C that 
contains u and w. Now since G 1s a block, w is not a cut point of G and 


so G — w is connected. 
Hence there exists u — v path P not containing w. 


Let v'be the last point common to P and C. (See figure 2.5). 


Since u is common to P and C, such a v' exists. 


Now, let Q denote the u — v' path along the cycle C not 
containing the point w. Then, Q followed by the v' — v path along P, 
the line vw and the w — u path along the cycle C line disjoint from Q 


form a cycle that contains both u and v. This completes the induction. 





Figure 2.5 


Thus any two points of G lie on a common cycle of G. 


(2)= (1). Suppose any two points of G lie on a common cycle of G. 


Suppose v is a cut point of G. Then there exist two points u and w 
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distinct from v such that every u — w path contains v (Refer 


Theorem 2.8). 


Now, by hypothesis u and w lie on a common cycle and this 
cycle determines two u — w paths and at least one of these paths 


does not contain v which is a contradiction. 
Hence G has no cut points so that G 1s a block. 
(2) => (3). Let u be a point and vw a line of G. 


By hypothesis u and v lic on a common cycle C. 


If w hes on C, then the line vw together with the v — w path 
of C containing u is the required cycle containing u and the line 


VW. 
If w is not on C, let C' be a cycle containing u and w. 


This cycle determines two w — u paths and at least one of 


these paths does not contain v. Denote this path by P. 


Let u'be the first point common to P and C. ( u'may be u 
itself). Then the line vw followcd by the w—u' subpath of P and | 
the u'—v path in C containing u from a cycle containing u and the 


line vw. 
(3) => (2)is trivial. 


(3) => (4). The proof is analogous to the proof of (2) => (3)and is 


left as an exercise. 
(4) => (3)is trivial. 
Connectivity 


We define two parameters of a graph its connectivity and 
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edge connectivity which measure the extent to which it is connected. 


Definition: 2.2.6 


The connectivity «=«(G)of a graph G is the minimum 
number of points whose removal results in a disconnected or trivial 
graph. The line connectivity À = A(G) of G is the minimum number of 


lines whose removal results in a disconnected or trivial graph. 


Examples: 


l. The connectivity and line connectivity of a disconnected graph is 


0. 


2. The connectivity of a connected graph with a cut point is 1. 
3. The line connectivity of a connected graph with a bridge is 1. 
+. The complete graph K „cannot be disconnected by removing any 


number of points, but the removal of p — 1 points results`in a 


travail graph. Hence k(K,) =p-1. 
Theorem: 2.13 
For any graph G,K <A <6. 


Proof: 


We first prove À <9. If G has no lines, A = ô= 0. Otherwise 
removal of all the lines-incident with a point of minimum degree 


results in a disconnected graph. Hence A < Ô. 
Now to prove k < A, we consider the following cases. 
Case: (i) 


G is disconnected or trivial. Then k=2=0. 
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Case: (ii) 


G is a connected graph with a bridge x. Then A = 1. Further 


in this case G = K,or one of the points incident with x is a cut 


point. Hence x= lso that k=A=1. 


Case: (iii) 


A22. Then there exist Alines the removal of which | 


disconnects the graph. Hence the removal of A—lof these lines 
results in a graph G with a bridge x = uv. For each of these À — 1 
lines select an incident point different from u or v. The removal of 
these A —Il points removes all the A — 1 lines. If the resulting graph 
is disconnected, then k<A-1. If not x is a bridge of this 
subgraph and hence the removal of u or v results in a disconnected 


or trivial graph. Hence «x < à and this completes the proof. 
Remark: 


The inequalities in Theorem 2.13 are often strict. For the 


graph given in Fig. 2.6, «=2,A=3and 6=4. 





Figure 2.6 


Definition: 2.2.7 


A graph G is said to be n — connected if K(G) 2 nand n — 


line connected if A(G) 2n. 


Thus a nontrivial graph is 1 — connected iff it is connected. 


A nontrivial graph is 2 — connected iff it is a block having 
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connected. 
Problems: 1 

Prove that there is no 3 — connected graph with 7 edges. 
Solution: 

Suppose G is a 3 — connected graph with 7 edges. 


G has 7 edges > p25. 
| 3p 
Now q2 o (by problem 1) 


Leo 


pis- 


2 
.. q 2 8which is a contradiction. 
Hence there is no 3 — connected graph with 7 edges. 


Problem: 2 


Give examples to show that there are walks that are not trails 


and trails that are not paths. 

Solution: 
In the graph G (Figure 2.7) 
a — g walk: ae be,ge,ce,fe,de,ce,be,ga 
a — b walk: ae,,ge,fe,be,ce,ge ,ae b 


These are walks but not trails since in a — g walk the edge e, is 


repeated and in a — b walk the edge e,, is repeated. 
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a—g trail: ae be,fe,ce,de,fe,g. 


This 1s a trail but not path since the vertex fis repeated. 


ey 





Figure 2.7 
Problem: 3 


Prove that the relation “is connected to” is an equivalence 


relation on the vertex set of a given graph. 
Solution: 


(1) Every vertex u of a graph G is connected to itself. So the 
relation is Reflexive. 

(1) | When u is connected to v, there is a path from u to v. Then 
we consider the same path from v to u also. So v is 
connected to u. Hence the relation is symmetric. 

Gii) Wher u is connected to v and v is connected to w then there 
are u— vand v- w paths in G. The union of u—vand 
v— w path is a u — w path in G and hence u is connected to 


w so that the relation is transitive. 


Thus the relation “is Connected to” is an equivalence relation. 
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Problem: 4 

Show that if G is a connected graph of order p. Then size of G 
is atleast p — 1 (i.e...) q2 p-1. 
Solution: 


Let G be a connected graph. Consider a path in G which 
connects any two vertices of G. The length of this path 1s atleast p — 1 
(because it includes all the vertices) so that the number of edges 1s 


atleast p — 1. 

Since all the edges are involved in this path, the size of the 
graph ıs atleast p— 1. (1.e.) q2p-—l. 
Problem: 5 


If G contains no odd degree vertices then G contain no bridges: 


Solution: 


Let G be a graph such that the degree of each vertex 1s even. 


We claim that there is no bridge in the graph. If possible, let e = xy be 


| a bridge of the graph G. Then the graph G — e is disconnected. 


However we claim that there is a x — y path in G — e. 


Since the degree of each and every vertex other than x and y is 
of even degree in G — e, whenever we enter into a vertex through an 
edge for a path starting form vertex x, we come out from the vertex 


through some other edge and there by we reach the vertex y. 


This is a contradiction to the fact that the graph G — e is 


disconnected. Hence there cannot be any bridge in the graph G. 
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Problem: 6 
; Pk 
Prove that if G is a k — connected graph then q 2 a 


Solution: 


Since G is k — connected, k(G) 2 k But 
O(G) = A(G) = k(G) 


~. (G) 2k 
q=>5a(v) 


2 


> : pd(G) [since d(v) > (G) ] 


.“. q 2 8which is a contradiction. 


Hence there 1s no 3 — connected graph with 7 edges. 
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Unit — 3 
EULERIAN GRAPHS 


3.0 INTRODUCTION 


The concepts Eulerian trials and Hamiltonian cycles mainly 
deal with the nature of connectivity in graphs. These concepts have 
applications to the area of puzzle and games. In this chapter we discuss 
the relation between a local property, namely, degree of a vertex and 
global properties like the existence of Eulerian or Hamiltonian cycles. 
Euler (1736) formulated the concept of Eulerian trail when he solved 
the problem of the Konigsberg bridge. We see that there are elegant 
characterizations for Eulerian graphs whereas there are no such 


characterizations for Hamiltonian graphs. 
3.1 EULERIAN GRAPHS 
Definition: 3.1.1 


A closed trail containing all points and lines is called an 
Eulerian trail. A graph having an Eulerian trail is called an Eulerian 


graph. 
Remark: 


Obviously in an Eulerian graph, for every pair of points u and v 
there exists at least two edge — disjoint u — v trails and consequently 


there are at least two edge — disjoint u — v paths. 


a 


Figure 3.1 


64 


The graph given in Fig. 3.1 is an Eulerian graph. 


First we prove a simple lemma that is needed in the proof of 


the main theorem. 
Lemma: 3.1 


If G is a graph in which the degree of every vertex is at least 


two then G contains a cycle. 
Proof: 


Construct a sequence v,V,,V,,....-.,of vertices as follows. 
Choose any vertex v. Let v, be any vertex adjacent to v. Let v,be 
any vertex adjacent to v other than v. At any stage, 1f vertex 


v,,12 21s already chosen, then choose v „to be any vertex 


+ 


adjacent to v other than v is always guaranteed. 


Since G has only a finite number of vertices, at some stage 


we have to choose a vertex which has been chosen before. 


Let v, be the first such vertex and let v, =v, where i<k. 


Then v,, Vv ,V,1s a cycle. 


i+] ? aeevnse 


The following theorem answers the problem. In what type 
of graph G is it possible to find a closed trail running through 


every edge of G? 
Theorem: 3.2 


The following statements are equivalent for a connected 


graph G. 


(1) Gis Eulerian. 
(2) Every point of G has even degree. 
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(3) The set of edges of G can be partitioned into cycles. 


Proof: 


(1) = (2): Let T be an Eulerian trial in G, with origin (and 
terminus) u. Each time a vertex v occurs in T in a place other than the 


origin and terminus, two of the edges incident with v are accounted 


for. 


Since an Eulerian trail contains every edges of G, d(v)is even 
for every v#u. For u, one of the edges incident with u is accounted 
for by the origin of T, another by the terminus of T and others are 


accounted for in pairs. 
Hence d(u) 1s also even. 


(2) = (3): Since G 1s connected and nontrivial every vertex of 
G has degree at least 2. Hence G contains a cycle Z. The removal of 


the lines of Z results in a spanning subgraph G,'n which again every 
vertex has even degree. In G, has no edges, then all the lines of G form 


one cycle and hence (3) holds. 


Otherwise, G,has a cycle Z,. Removal of the lines of Z, from 
G,results in spanning subgraph G,in which every vertex has even 
degree. Continuing the above process, when a graph G, with no edge 


is obtained, we obtain a partition of the edges of G into n cycles. 


(3)= (1): If the partition has only one cycle, then G is 


obviously Eulerian, since it is connected. Otherwise let Z,,Z,,.......,Z 


be the cycles forming a partition of the lines of G. Since G is 


connected there exists a cycle Z, # Z, having a common point v, with 
Z,. Without loss of generality, let it be Z,. The walk beginning at V, 


and consisting of the cycles Z and Z,in succession is a closed trail 
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containing the edges of these two cycles. Continuing this process, 
we can construct a closed trail containing all the edges of G. 


Hence G 1s Eulerian. 
Note: 


The above theorem and its proof hold for pseudo graphs 
(graphs having loops and multiple edges) also. Even otherwise, a 
pseudo graph G*becomes a graph G when we introduce two 
points of degree 2 on each loop and a point of degree 2 on every 
other edge. Every vertex of G is of even degree iff every vertex of 
G* is of even degree. Also G has a closed trail running through 


every edge iff every vertex of G* is of even degree. 


The proof of the above theorem gives a method for finding 


an Eulerian trial when such a trail exists. 
Konigsberg Bridge Problem: 


The “graph” of the Konigsberg bridges (Fig. 1.2) has 
vertices of odd degree. Hence it cannot have a closed trail running 
through every edge. Hence one cannot walk through each of the 
Konigsberg bridges exactly once and come back of the starting 


place. 
Corollary: 1 


Let G be a connected graph with exactly 2n(n 21), odd 


vertices. Then the edge set of G can be partitioned into n open 


trails. 
Proof: 

Let the odd vertices of G be labelled v,,Vv,,.....,v,; 
W,,W,,..-.--) W, in any arbitrary order. Add n edges to G between 
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the vertex pairs (v g W555 W, cee: ,(V,,W,) to form a new graph G' 
(G' may be a multigraph). No two of these n edges are incident with 
same vertex. Further every vertex of G' is of even degree and hence G' 
has an Eulerian trail T. If the n edges that we added to G are now 
removed from T, ıt will split into n open trails (since no two of these 
edges are adjacent). These are open trails in G and form a partition of 


the edges of G. 


Corollary: 2 


Let G be a connected graph with exactly two odd vertices. Then 


G has an open trail containing all the vertices and edges of G. 
Proof: 
This is only a particular case of Corollary 1. 


Obviously the open trail mentioned in corollary 2 begins at one 


of the odd vertices and ends at the other. 
Arbitrarily Traceable Graphs 


Consider the graph G given below 





Figure 3.2 


Clearly it is an Eulerian graph. So it is possible to trace all the 
edges exactly once and reach the starting vertex. Is it possible to do 
this exercise starting from any vertex. Suppose we start from the 


vertex a and come to c after tracing the edges 1 and 2. How to proceed 
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further? There are three choices the edges 3, 4 and 6. 


Suppose we take 3, tracing this edge we reach the vertex a 
and we cannot proceed further without retracing the edges. Thus 
starting from a we cannot arbitrarily choose the edges to trace all 
the edges exactly one. We say the graph is not arbitrarily traceable 


from a. 


Suppose we start from c we can choose arbitrarily any edge 
incident at c and trace the graph. So we say the graph is arbitrarily 


traceable from the vertex c. 


Thus an Eulerian graph is said to be arbitrarily traceable 


from a vertex v, if an Euler tour can be obtained starting from vV 


and choosing edges arbitrarily while tracing the graph. 
We give the following results without proof 


(1) An Eulerian graph is arbitrarily traceable fiom the 
vertex v if and only if every cycle contains v. 

(2) If G is arbitrarily traceable from v then v has maximum 
degree. 

(3) If G is arbitrarily traceable from v then either v 1s the 


only cut vertex or G has no cut vertices. 
Note: 


If a graph is arbitrarily traversable from a vertex then it is 


obviously Eulerian. 


The graph in Fig. 3.1 1s arbitrarily traversable from v. From 


no other point it is arbitrarily traversable. 
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3.2 FLEURY’S GRAPHS 


Theorem: 3.3 


An Eulerian graph G is arbitrary traversable from a vertex v in 


G iff every cycle in G contains v. 


There is a good algorithm, due to Fleury, to construct an 


Eulerian trail in an Eulerian graph. 
Fleury’s Algorithm 
To construct an Euler tour in an Eulerian graph G. 
The algorithm is given in the following steps. 
Step: 1 
Choose an arbitrary vertex v,. Take W, = v, 
Step: 2 
Suppose that the trail 


W = Vol, V,C,V55-----5€,¥, has been chosen. Then choose e,,, from 


EG) =l GaGa ,e } in such a way that 


G)  e,,1s incident on v.. 


(ii) ¢,,1s not a cut edge-of G, =G-—{e,,e,,......,e,}unless no other 
edge incident on v is available. 
Step: 3 
Stop when step (2) cannot be further employed. 


The trail obtained by these steps in the Eulerian graph G is an 


Euler trail. 
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Theorem: 3.4 


Any trail constructed by Fleury’s algorithm in an Eulerian 


‘graph is Eulerian. 
Proof: 


Let G be an Eulerian graph and W, = v,€,V,€,V,5--..--- „e V 
be a trail constructed by Fleury’s algorithm. The algorithm 
terminates at v,and so the degree of V,,in 
G = Ce ce eee „€, yis zero (otherwise the algorithm will not 
terminate at v_. We claim that v coincides with some 


n 


v(Osisn-—]). 


If v „does ne coincide with any v,(0<1 < n—1) then W, 
contains only one edge e, incident on v, in G. Since the degree of 
v,in G is even there must be at least one edge incident on v, in 
G,- So the degree of v in G, is not zero. This is a contradiction to 


the fact that the degree of v in G, is zero. 


So v must coincide with some v,(0<i<n-—1). If 
Va =V; 1#0then the degree of v,in the trail W is odd because 
when the trail visits v first there is one edge incident on it and 
every future visit adds two edges to v,so that the number of edges 
incident on v,is odd. As the degree of v,in G is even, there is (at 


least) an edge in G not covered by W. . 


This is a contradiction as the algorithm terminates. So 


V, =v,with 1=Oand so v,=v,. Therefore the trail W is a 


closed in G. 


In order to prove that W, is an Eulerian trail we have 


a 
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Space for Hints | further to prove that it contains all the edges of G. For this it is enough 


we prove that the edge set of G is empty. 


Suppose the edge set of G, is not empty (1.e.) E(G,)#@®@. 


Let S be the set of all vertices of degree greater than zero in G, 


Clearly S is not empty b our assumption that G has edges. 


Since v,is of degree zero in G,we find v, ¢ S. Therefore 


v € S'which is the vertex set of G—S. 


Let m be the largest integer such that v, €e Sso that v 


POV ES 


m+ 


n+] € S. 


Further the vertices v (m+1<1<n) belong to S’. Thus [S,S'] 


iS a partition of the vertex set of G. 


Now the edge e,,,,is an edge of G, in the bipartition [S,S']. If 


ek =V.,V,1s any other edge of [S,S']in G then k>m-+land 


V ES. 





Figure 3.3 


This implies that m is not the largest integer such that Va ES 


This is a contradiction. So e,,, =Vv,, v,,,is the only edge of G_ is 
[S,S'Jand so eis a cut edge of G, 
Let e be any other edge incident on V„(such an edge exists 
V2 


because d(v,,)is even), then e must also be a cut edge of G „, for 
otherwise e would have been chosen instead of e |, (in step 2). 
Further every cut edge of G_ is also a cut edge of G, [S]. Clearly 
the edge set of G,[S]is a subset of the edge set of G ,[S]. 


(i.e) E(G [SD c E(G,,[S]) 


If some edge of G, [S]is not the edge of G [S]it must be 
some e,,m+1< k. But no such edge has both end vertices in S. 


So the edge set of G,[S]must be equal to edge set of G, [S]. 
G.e) E(G,[S] = E(G,,[S]) 
This implies G,[S]=G_J[S]. 


As W, being a closed trail covers an even number of edges 
incident at each vertex v,, 0<i < n—1, each vertex v is of even 
degrees in G,[S]=G,[S]. Hence G, [S]is the union of edge — 
disjoint cycles (.".by problem (1)). Therefore no edge of G [S]is a 


cut edge. This is a contradiction to the conclusion that e_. is a cut 


m+] 


edge of G. 


m+] n G, " 


Therefore there is no edge e 
EG )=@. 


Hence the trail W, in G is a closed Eulerian trail and so is 


an Euler tour. 
Problem: 1 


Show that a simple connected Eulerian graph is the union of 


edge disjoint cycles. 
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Let G be a simple connected Eulerian graph. We know each 
vertex is of even degree. Therefore the minimum degree of the graph 1s 


22. So G contains cycles. Let C,be one such cycle. Remove the 
edges of C, from G. The degree of each vertex of the remaining graph 
G is also even. If there are no edges in G,, there is nothing to prove. 
If not, 2 2in G, and so G, contains a cycle C, . Remove the edges of 
C,from G,and proceed as before. As G is a finite graph the process 
will result in a finite number of cycles C,,C,,.......C, which are all 


edge disjoint. 
Hence BG) E(C EC) isise UE(C, ). 


Problem: 2 


If a connected graph G has 2k vertices of odd degrees then there 
are k edge disjoint trails Q,, Q,,........Q, In G such that 


E(G) = E(Q,) UV E(Q,) U ~- UE(Q,) 


Let the odd vertices of the given graph G be vV, Vj, Vys- re 
Let v be a new vertex. Join vv , vv,, VV,,......-, VV,, by edges so that we 
get a newgraph G' with vertex set V(G') = V(G) U {v}and edge set 
E(G') = E(G) U {Wv,, WV, ,.... ,VV,,3 


Clearly all the vertices of G, are of even degrees and so G'is an 


Eulerian graph. Therefore it is the union of edge disjoint cycles having 


a common vertex at v. 


Each cycle has two new edges incident at v. Therefore the 
removal of all the 2k edges decomposes G into k trails which are all 


edge disjoint. Let them be Q,,Q,.........0+ ,Q, in G so that 
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E(G) = E(Q )UE(Q,) Uwe UE(Q, ) 


Problem: 3 


Using Fleury’s algorithm find an Euler tour of the 





follcwing graph. 
Take W, =v, 
W, = Voe, V, 


At v none of the other edges e,,e,,¢,1s a cut edge of 


G, =G-e,. Take any edge. Let us take e,. 
W, = v,e, v,e, V, 


Oyl i 


At v,, the only other edge is e,and it is not a cut edge of 


G, =G- {e,,e,}. Take e, 
W, = v,e V e, Ve, V3. 


At v,, the other edges are e,,e,,e,. None of them is a cut 


edge of G, =G — {e,,e,,e,}. Take any edge. Let us take e,. 
W, = VE V e Ve, V€, V4 


At v, the only other edge is e,and it is not a cut edge of 
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G,. G, — {e,,¢,,¢,,e,}. Take e, 


W, = v e€ V e Ve, V304V 405 V5 - 


At v,the other edges are e,,e,,e,. Of these e, is a cut edge of 


Gee G = {e505 Ores Os) 
Choose e, which is not a cut edge. 
W, = Vo 0, V E V 703 V304V 405 V 507 V2 - 


At v,the only other edge is e,and it is not a cut edge of 


G; =G- Buet me ee): 
Take e, 
W, = Vo0V 07 V5 03 V3 64 V4b5 V 507 V2 Vai 


At v,the only other vertex is e, which is not a cut edge of 


Gs iG 46 76550 96s Ose ee 
Take €,. 
W, = Vol, V E, V 03 V3E4V 45 V 507 V 0g V3€9V5 
The only edge remaining is e,at v,. 
Take e, 
W, = Vae V e V 03 VEV 405 VE Veg V3E9V5E6V0 
Hence W, is the required Euler tour. 


Problem: 4 
For what values of n, is k, Eulerian? 
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In the complete graph K_, the degree of every vertex is n — 
|. Therefore K is Eulerian if and only if n — 1 is even; that is if 


and only if n is odd. 
Problem: 5 


For what values of m and nis K „„ Eulerian? 


Solution: 


. Kis Eulerian <> m and n are even. 


For example: K,, 





Figure 3.4 
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Unit — 4 
HAMILTONIAN GRAPHS 


4.0 INTRODUCTION 


In 1859, Sir William Hamilton devised a mathematical game on 
the graph of the dodecahedron (Fig 4.1). In this the first player sticks 
five pins 1, 2, 3, 4 and 5 in any five consecutive vertices and the 
second player is required to complete the path so formed to a spanning 
cycle. In the case of the dodecahedron, the completion is always 


possible. This game led to the concept of Hamiltonian graphs. 





Figure 4.1 


4.1 HAMILTONIAN GRAPHS 
Definition: 4.1.1 
„A spanning cycle in a graph is calied a Hamiltonian cycle. 


A graph having a Hamiltonian cycle is called a Hamiltonian 


graph. 


Several necessary or sufficient conditions for Hamiltonian 
graphs exist, but no elegant characterization of Hamiltonian graphs is 


known. 
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Definition: 4.1.2 


A block with two non adjacent vertices of degree 3 and all 


other vertices of degree 2 is called a theta graph. 


Thus a theta graph consists of two vertices of degree 3 and 
three disjoint paths joining them, each of length at least 2. The 
graph given in Fig. 4.2 is a theta graph. 


Figure 4.2 


A theta graph 1s obviously non Hamiltonian and every non 


Hamiltonian 2 — connected graph has a theta subgraph. 
Theorem: 4.1 

Every Hamiltonian graph is 2 — connected. 
Proof: 


Let G be a Hamiltonian graph and let Z be a Hamiltonian 
cycle in G. For any vertex v of G, Z — v is connected and hence G 
— v 1s also connected. Hence G has no cut points and thus G is 2 — 


connected. 


The following theorem gives a simple and useful necessary 


condition for Hamiltonian graphs. 
Theorem: 4.2 


If G is Hamiltonian, then for every nonempty proper subset 


S of V(G),a(G—S) <|S|. where w(H) denotes the number of 
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components in any graph H. 


Proof: 


Let Z be a hamiltonian cycle of G. Let S be any nonempty 


proper subset of V(G). 


Now, @(Z—S)< S|. Also Z — S is a spanning subgraph of G — S 


and hence w(G — S) < o( Z—S). Hence a(G-S)< S. 


Note: 1 


The above theorem is useful is showing that some graphs are 
non Hamiltonian. For example, consider the complete bipartite graph 


K,,, with m<n. 


Let (V,,V,)be a bipartition of the graph with V, |= mand 


| V, |=n. The graph K., — Vis the totally disconnected graph with n 


m.n 


points. 
Hence @(K,,, —V,)=n>me= V, |. 


"e K,,1s non Hamiltonian. 


Note: 2 
The converse of the above theorem is not true. For example the 
Petersen graph (Figure 1.6) satisfies the condition of the theorem but is 


non Hamiltonian. 


We now discuss some sufficient conditions for a graph G to be 


Hamiltonian. 


Theorem: 4,3 Dirac Theorem 
Statement: 


If G is a graph with p23vertices and 82 p/2, then G is 


Hamiltonian. 
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Proof: 


Suppose the theorem 1s false. Let G be a maximal (with 
respect to number of edges) non Hamiltonian graph with p vertices 


and 02p/2. 
Since p23, G cannot be complete. 


Let u and v be non adjacent vertices in G. By the choice of 
G,G+uvis Hamiltonian. Moreover, since G 1s non Hamiltonian, 


each Hamiltonian cycle of G + uv must contain the lien uv. 


Thus G has a spanning path v,,Vv,,.......V, with origin | 


u = v and terminus v= v,. 


Let S={v, uv,,eE} and T={v, 1<pand vive E} 


1+] 


where E is the edge set of G. 


Clearly v, € SUTand hence SUT <p (1) 


secainees V. 


Again if v €e SAT, then v,,Vv,........ „V VV a 


ie ee visa 


Hamiltonian cycle in G, contrary to the assumption (Refer Fig. 


4.3). 





Figure 4.3 


Hence SAT = @®so that |SOT |=0 (2) 


Also by the definition of S and T, d(u) =|S|and d(v)=|T . 
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Hence by (1) and (2), d(u)+ d(v)=S + T 


=SW 1 <p; 


Thus d(u)+d(v) <p. 


But since 62>p/2, we have, d(u)+d(v)2pwhich gives a 


contradiction. Hence the theorem. 


Lemma: 4.4 


Let G be a graph with p points and let u and v be nonadjacent 


points in G such that d(u)+d(v)2p. Then G is Hamiltonian uf 


G + uv is Hamiltonian. 

Proof: 
If G is Hamiltonian, then obviously G + uv is also Hamiltonian. 
Conversely, suppose that G + uv is Hamiltonian, but G ıs not. 


Then, as in the proof of Theorem 4.3, we obtain 


d(u)+d(v) <p. 
This contradicts the hypothesis that d(u)+d(v)2p. 
Thus G + uv is Hamiltonian implies G is Hamiltonian. 


Note: 


The above lemma motivates the following definition of closure. 


4.1.3 Definition 


The closure of a graph G with p points is the graph obtained 
from G by repeatedly joining ‘pairs of nonadjacent vertices whose 
degree sum is at least p until no such pair remains. The closure of G is 


denoted by c(G). 
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Theorem: 4.5 
c(G) is well defined. 
Proof: 


Let G have p vertices. Let G,and G,hbe two graphs 


obtained from G by repeatedly joining pairs of nonadjacent 
vertices whose degree sum is at least p until:no such pair remains. 


Let X,,X,,......,X,and y,,y,,......,y,be the sequences of edges 


added to G in obtaining G,and G, respectively. 
We claim that {x,,xX,,.....X $= {Y Yas Ya} 


If possible let x,,, =uvbe the first edge in the sequence 


{X,,X,.-05X,,} that is not an edge of G,. 


Let H=G+{x,,X,,...0.. ,X J. Since uvis the next edge to 


be added to H in the process of constructing G,, we have 
d,(uj)+d,(v)2p. (1) 
Also by the choice of x,,,, H is a subgraph of G,. 


Hence d'(u)2d,(ujand d'(v)2d,(v), where d'(u)and 
d'(v)denote degrees of u and v in G,. Hence (1) implies 


d'(u)+d'(v)2p. 


Hence by the definition of G,,u and v must be adjacent in 


G,. This is contradiction, since u and v are not adjacent in G,. 
Hence each x is an edge of G,. 


Similarly we can be prove that each y, is an edge of G,. 
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Space for Hints Hence G =G,. Thus c(G)1is unique and hence is well defined. 


Example: 


Figure 4.4 illustrate the construction of the closure of a graph G 


on six vertices. In this case c(G) is complete. 





Figure 4.4 
The following theorem is a consequence of Lemma 4.4 


Theorem: 4.6 


A graph is Hamiltonian iff its closure is Hamiltonian. 


Proof: 
LEL Xo Ko ,X, be the sequence of edges added to G in 
obtaining c(G). 


Let G,,G,,.......,G, =c(G)be the successive graphs obtained. 
Applying Lemma 4.4 repeatedly, 


Gis Hamiltonian << Gis Hamiltonian 


<>  G,1s Hamiltonian 


lee 2 2 2 2 


alae ee 2 2 


<=  G, =c(G)is Hamiltonian. 


The following corollary is only a particular case of the 


above theorem. 
Corollary: 


Let G be a graph with at least 3 points. If c(G)1is complete, 


then G is Hamiltonian. 


The above theorem and corollary are often useful in 


showing that a given graph is Hamiltonian. 


For example the graph G given in Figure 4.4 is 


Hamiltonian. 


Note: 


If §>P. then c(G)is complete. Hence if p23, G is 
> 


Hamiltonian. 


Thus 62 Zand p 2 3 => Gis Hamiltonian. 


This is Dirac’s Theorem proved before (Theorem 4.3). 
Theorem: 4.7 
Chavatal Theorem 


Statement: Let G be a graph with degree sequence 
(d,,d,,....,.d,), where d, $d, <S ...... S d, and p2 3. Suppose that 


for ever value of m less than Pe either da > MOT dpm 2p-—m. 


2 


(i.e., there is no value of m less than Sfor which d „ <m 


and d_ <p-—-m ). Then G is Hamiltonian. 


p—m 
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Proof: 
Let G satisfy the hypothesis of the theorem. 


We claim that c(G) is complete. Let u denote the degree of a 


vertex v in c(G)by d'(v). 
If possible, let c(G) be not complete. 
Now let u and v be two nonadjacent vertices in c(G) with 
d'(u) < d'(v). (1) 


and d'(u)+d'(v)as large as possible. Let d’(u) =m. Since no two 
nonadjacent points in c(G)can have degree sum p or more, we have 


d'(u)+ d'(v) <p 
=". d'(v)<p-d'(u) 
-d(v)<p-—m (2) 


Now, let S denote the set of vertices in V — {v}which are not 
adjacent to v in c(G). Let T denote the set of vertices in V — {u} 


which are not adjacent to uin c(G). 


Clearly S=p-—1-d'(v)and T =p-1-dď' (u) (3) 


Also by the choice of u and v, each vertex ın S has degree 


atmost d'(u)and each vertex in T U {u} has degree at most d'(v). 


Putting (2) in the first equation of (3) we get 
S>p-l-(p-m)=m-1. Hence S 2m. Hence c(G) has at least 


m points with degree <m. (4) 


From (3), T =p-—1l—m. Since each vertex in TU {u} has 


degree <d'(v), this implies that c(G)has at least p—mvertices of 
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degree <d'(v). Therefore by (2), c(G)has at least p — m vertices Space for Hints 


of degree < p-m. (5) 


Because G is a spanning subgraph of c(G), degree of each 
point in G cannot exceed that in c(G). Hence statements (4) and 


(5) hold in the case of G also. 


Hence d,<mand d _„<p-m. Also by (1) and (2), 


3—m 


m < p/ 2. This contradicts the hypothesis on G. 
.c(G)1is complete. Hence G is Hamiltonian. 


Remark: 


There does not appear to be any relationship between 
Eulerian and Hamiltonian graphs. This is illustrated by the 


following examples. 
Example: 1 


Give an example of a graph which is both Eulerian and 


Hamiltonian. 
Solution: 


The complete graph K, is both Eulerian and Hamiltonian 


K3 N 


Example: 2 


Give an example of a graph which is Eulerian but not 


Hamiltonian. 
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Figure 4.5 
The graph in figure (4.5) is Eulerian but not Hamiltonian. 
Example: 3 


Give an example of a graph which is not Eulerian but 


Hamiltonian. 


Solution: 


Figure 4.6 


The graph G in figure (4.6) 1s Hamiltonian because the closure 


of G 1s complete. 
But G is not Eulerian, Since there are vertices of odd degree. 
Example: 4 


Give an example of a graph that is neither Eulerian nor 


Hamiltonian. 
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Figure 4.7 


The Petersen graph given in figure (4.7) is neither Eulerian 


nor Hamiltonian. 
Problem: 1 


Show that K „, is non Hamiltonian. 


Proof: 
Consider the complete bipartite graph K „„with m <n. Let 
V,and V,be the two partitions of the graph with V, =mand 


V, =n. The graph K__ — V,is disconnected with n vertices. 
.. The number of components in K,- V, =n 


Thus the necessary condition of a graph to be Hamiltonian 


is not satisfied. Thus K „is non — Hamiltonian. 


Problem: 2 


Find the closure of the graph given in following figure 4.8 





= 
JA 

= 

=~ 

‘a>, 
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C(G): 


Figure 4.8 (a) 


Problem: 3 


If G 1s bipartite graph with odd number of vertices then prove 


that G is non — Hamiltonian. 


Solution: 


Suppose G is Hamiltonian, then G has a Hamiltonian cycle C. 


Since G is bipartite, C is of even length. So, the number of vertices on 


| Cis even. Since C is a spanning cycle, the number of vertices of G is 


even. This is a contradiction to our assumption. Hence the solution. 
Problem: 4 

Show that the Petersen graph is non Hamiltonian. 
Solution: 


Let us label the vertices as in Fig 4.9. If the Petersen graph G 
has a Hamiltonian cycle C, then G — E(C) must be a regular spanning 
subgraph of degree 1. (A regular spanning subgraph of degree | is 


called a 1 — factor). 


Let us search for all 1 — factor in G and show that none of them 


arise out of a Hamiltonian cycle of G. 
Case: 1 


Consider the subset A = {la,2b,3c,4d,5e} of the edge set of G. 
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Clearly A is a | — factor of G, but G — A is the union of two 


disjoint cycles and hence is not a Hamiltonian cycle of G. 





Figure 4.9 


Case: 2 


If the 1 — factor contains 4 edges from A, then the only line 
passing through the remaining two points must also be included in 


the 1 — factor, so that we again get A. 
Case: 3 


If a 1 — factor contains just 3 edges from A, then two such 


choices can be made. 
Subcase: 3A 


Let the 1 — factor contain la, 2b and 3c. Now the subgraph 
induced by the remaining four points is a P,(a path with 4 points) 
whose unique | — factor is {4d,5e}. Thus the 1 — factor of G 


considered becomes A. 
Subcase: 3B 


Let the 1 — factor contain la, 2b and 4d. Here again the 
remaining four points induce P,, whose unique 1 — factor is 
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{3c,5e}. Thus the | — factor of G considered becomes A. 


Case: 4 


If a 1 — factor contains just 2 edges from A, then again two such 


choices are possible. 


Subcase: 4A 


Let the | — factor contain la and 2b. In the subgraph induced by 
the remaining 6 points, point d has degree one and hence any 1 — factor 


of that subgraph must contain edge 4d. Thus case 3 is repeated. 


Subcase: 4B 


Let the 1 — factor contain la and 3b. In the subgraph induced by 
the remaining 6 points, point 2 has degree one and hence any 1 — factor 


of that subgraph must contain edge 2b. Thus case 3 is repeated. 
Case: 5 


Let a | — factor contain just one edge of A, say la. If ita 
contains one more edge from A, then one of the earlier cases will be 
repeated. Hence we have to choose the other four edges of this 1 — 
factor from two paths, each of length 3. (The paths are cebd and 2345). 
Hence the 1 — factor is B= {la,ce,bd,23,45}. Now G -Bis again 


union of two disjoint cycles, and not a Hamiltonian cycle. 


Case: 6 


Suppose there exists a 1 — factor that does not contain any edge 
from A. It can contain at most two edges from the cycle 123451 and at 
most two edges from the cycle acebda. Hence it can contain at most 


four edges. 


Hence there does not exist such a 1 — factor. 
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Since the above 6 cases cover all possible types of | — 
factors, we see that G has no 1 — factor arising out of a 


Hamiltonian cycle. 
Hence G has no Hamiltonian cycle. 
Thus G is not Hamiltonian. 
Problem: 5 
Give an example of a non Hamiltonian graph with n 


(n—1)(n — 2) 
2 


vertices and + ledges. 


Solution: 


Consider the complete graph of (n — 1) vertices K,,. The 


— (n-1)(n— 2) 
D aaa. 


ll 


number of edges 1s (n —1)c, 


Take another vertex v and join it with any one vertex of 


Ki ; 
Now the resulting graph G has n vertices and 
2 
n 
For the graph G, S=1< -~ 
So by Dirac’s theorem G is not Hamiltonian. 
4.2 WEIGHTED GRAPH 


There are two practical problems associated with Eulerian 
trails and Hamiltonian cycles. To describe these we need the 


following concepts. 
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Space for Hints Definition: 4.2.1 


If a real number w is attached to an edge e of a graph G then w 
is called the weight of the edge e we may write w(e). If real numbers 
(weights) are attached to all the edges of the graph G then it is said to 
be a weighted graph. The sum of the weights of all the edges is called 


the weight of the granh and it is denoted by W(G). 


~Q 
La 
N 


Figure 70 


W(G)=7+10+6+4+12+11+5=55 


Note: 1 


Any spanning tree of a weighted graph 1s called a weighted 


spanning tree. 
Note: 2 


The weights of different spanning trees of the same weighted 


graph need not be the same. 
Note: 3 
Note (1) and Note (2) are discussed in unit. 
Problem: I 
Chinese postman problem: 


A postman starting from the post office walks along the streets 
of his area to deliver the postal articles to the addresses and returns to 
the post office. The problem of choosing a route, which covers all the 


94 


locations, assigned to him such that the walking distance 1s 


minimum is known as the Chinese postman problem. 


Let G be the graph whose vertices are the different 
locations (addresses) and the edges are the paths connecting the 
locations. Let the weights of the edges be the distances between 
the locations. Now the Chinese postman problem is equivalent to 
the problem of finding an optimal tour of the weighted graph G. If 
G is an Eulerian graph then any tour of G is an optimal tour, 
because no edge is retraced. Therefore the Chinese postman 
problem reduces to the problem of finding an Eulerian tour in an 


Eulerian graph. 


Fleury’s algorithm gives an effective and elegant method to 


solve this problem. 
Problem: 2 
Travelling salesman problem: 


The travelling salesman problem (TSP) is one of the many 


unsolved problem in Graph Theory. 


A travelling salesman wishes to visit a number of towns to 
promote his business and to return to his starting place. If the time 
of travel (or the travelling expenses) between the towns are 
known, how should he plan his travel so that he visits each town 
exactly once and returns to his starting place in the shortest time 
(or with minimum expenses) possible. This is known as the 


Travelling Salesman Problem (TSP). 
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UNIT -5 
BIPARTITE GRAPHS 


5.0 INTRODUCTION 


In this unit we deal with a Bipartite graphs. Matching and 
Marriage problem. Also introduce the concept of trees and connector 


problem. 
5.1 BIPARTITE GRAPHS 
Definition: 5.1.1 


Let G be a simple graph whose vertex set is V. If V can be 
partitioned into two non empty sets X and Y such that no two vertices 
of X are adjacent and no two vertices of Y are adjacent so that each 
edge of G has one end vertex in X and the other in Y, then G is called 


a bipartite graph or a bigraph. 


Ys K 
¥ 
Vy ; 
V3 
V6 
V5 “Vy V2 
V4 G2 
Y3 
G 
Figure 5.1 
X = {v V3} AEN VN 
Y = {V,, Va Va} Y = {v,,V,4,V,} 


G,and G, are bipartite graphs. 


A bipartite graph G in which the vertex set is partitioned into 
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two sets X and Y is denoted by (X, Y) (i.e) G=(X, Y). We also 
say that (X, Y) is a bipartition of the graph G. 


Definition: 5.1.2 


Complete bipartite graph 


Let (X, Y) be a bipartite graph. If each vertex of X is | 


adjacent to each vertex of Y then the graph is said to be a 


complete bipartite graph. If the vertex subsets X and Y have m 


and n vertices, then the complete bipartite graph is denoted by | 


K naor K 


n,m ’ 
Remarks: 


In a complete bipartite graph Kn- 


(1) The number of vertices is m+n. (K, )=m+n. 


m,n 


G1) The number of edges is mn. e(K_ )= mn 


m,n 





K3.4 


Figure 5.2 
(1) There is no isolated vertex. 


(iv) Kan is not a complete graph in the usual sense. 


(v) The degree of a vertex m or n. 


(vi) The complex bipartite graph K,, ıs called 


Kuratowski’s second graph. 
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Figure 5.3 


Note: 


(1) The number of vertices is denoted by v, 


(2) The number of edges is denoted by e. 
Theorem: 5.1 


A graph is bipartite if and only if it contains no odd cycle. 


Proof: 


Let G be a bipartite graph. We have to prove that it contains no 


odd cycle. 


Since G is bipartite the vertex set is partitioned into two non 
empty set X and Y such that every edge of G has one vertex in X and 


the other vertex is Y. 


Consider the cycle. 


Let v, € Xso that v,e Y, v,e X, Valet E 
In general v, € Xifk is odd and v, €e Y if k is even. 


For the cycle C the last vertex v, € Xand so the preceding 
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vertex v e Y. Therefore n is even and so the cycle C has an even 


number of vertices and consequently it has an even number of 
edges. Therefore the cycle C is an even cycle. Since the cycle C is 
arbitrary it follows that every cycle is even. Hence the graph G has 


no odd cycle. 
Conversely, 


Let the graph G be without odd cycles. We have to prove 


that G is bipartite. 
Let v be any vertex of G. 
Let X={xeEG@ d(x,v)=even}. 
Y ={xe G} | d(x, v) = odd} 


Clearly X and Y are non empty disjoint subset of the vertex 
set of G. 


We now prove that no two vertices of X are adjacent. 


Suppose the vertices u, ve Xbe adjacent so that uv is an 


edge. 


Now the x — u path, x — v path and the edge uv together 


form a cycle. 
Length of the cycle = d(x,u)+ d(x, v) +1 
=even+ even + ] 


= odd. 
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2 
x 
Figure 5.4 


.. This cycle is an odd cycle. 


This is a contradiction to the assumption that the graph is 
without odd cycles. ...No two vertices of X are adjacent. Again we 
| prove that no two vertices of Y are adjacent. Suppose two vertices 


u,veé Y be adjacent so that uv is an edge. 
Consider any vertex ye Y. 


Now the (y-u) path the (y-v) path and the edge uv together form 


a cycle. 
Length of this cycle = d(y,u)+d(y, v) +1 
= odd + odd + 1 


= odd 


aa 


u 


Figure 5.5 


Y 


(i.e.) This cycle is an odd cycle. It is a contradiction to the assumption 
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Therefore no two vertices of Y are adjacent. 


Thus the vertex set of the graph G is divided into the non 
empty disjoint subsets X, Y such that no two vertices of X are 


adjacent and no two vertices of Y are adjacent. 


.. (X, Y) is bipartition of G and so that graph G is a bipartite 


graph. 
6.1 MATCHING 
Definition: 5.1.3 


A subset M of E is called a matching in G 1f no two of the 
edges in M are adjacent. The two ends of an edge in M are said to 


be matched under M. 
Example: 


In the graph G of figure 5.6 the sets M, = {e,,¢e,}. 





Co 


Es | 
Vy @-— BV 0 


Figure 5.6 


M, = {e,,€,,€,,¢,; and M, = {e,,e,,e,,¢,,e,} are all matching’s. 


a 
baai 
a 
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Definition: 5.1.4 


A matching M saturates a vertex v if une edge of M is incident 
with v. Also, we say v is M — saturated. Otherwise, v is M — 


unsaturated. 
Example: 


In the graph G of figure 5.6, v,is both M, - saturated and M,- 
saturated: v,is M,- saturated but M,- unsaturated: but M, saturates 


every vertex of G. 
Definition: 5.1.5 


If M is a matching in G such that every vertex of G is M — 


saturated then M is called a perfect matching. 
Example: 
The matching M, of G of figure 5.6 is a perfect matching where 
as M,and M, are not perfect. 
Note: 
If G has a perfect matching then p is even. 
Definition: 5.1.6 


A matching M ıs called a maximal matching of G if there is no 


matching M' of G such that M'D M. 


Remark: 


Note that two maximal matching need not have same 


cardinality. 
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In the graph G of figure 5.7, M ={e,,e,,e,} and 


M, = {e,,e, } are maximal matchings. 


Definition: 5.1.7 


A matching M of G is called a Maximum matching if G 
has no matching M'with M'> M . The number of edges in a 


maxımum matchıng of G is called as the matching number of G. 


Figure 5.7 


We note that M, = {e,,e,,¢,}1s a maximum matching of G 
of figure 5.7, but M, = {e,,e,}is not a maximum matching, though 


it is a maximal matching of G of figure 5.7. Clearly every perfect 
matching is maximum; but maximum matching’s need not be 


perfect. 
Example: 


Consider the star K,,and in general K,,- Here any 


maximum matching contains only one edge and hence it is not 


perfect. 
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Figure 5.8 K; 


Definition: 5.1.8 


Let M be the matching in G. An M — alternating path in G is a 


path whose edges are alternately in E\M and M. 


Example: 

In the graph G of figure 5.9, if we consider the matching 
M = fe,,¢,}then the path v,v,v,v,V, is an M — alternating path. 
Definition: 5.1.9 


Let M be a matching in G. An M — augmenting path is an M — 


alternating path whose origin and terminus and M — unsaturated. 
Example: 


In the graph G of figure 5.9, if we consider the matching 


M = {e,,e,} then the path v,v,v,Vv.Vv,V,1s an M — augmenting path. 


Note: 


1. In M -augmenting path initial and final edges are in E\M. 
2. An M — alternating path whose initial and final edges are in 


E\M, need not be an M — augmenting path. 
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Theorem: 5.2 


Let M,and M,be two matching’s in a graph G. Let 


M,AM, =(M —M,)U(M, -M )be the symmetric difference of 
M and M,. Let H=G|M —M, |be the graph of G induced by 


M AM,. Then each component of H is either an even cycle with | 


edges alternately in M and M,or a path P with edges alternately 
in M and M,such that the origin and the terminus of P are 


unsaturated in M,or M,. 


Proof: 


Let v be any point in H. Since M, and M, are matchings in 


G, at most one line of M and at most one line of M, are incident | 


with v. Hence the degree of v in H is either 1 or 2. Hence it | 


follows that the components of H must be as described in theorem. 
Example: 1 


Consider the graph G,given in Figure 5.10. 


M, =tV,V,,V,V21,V;V,$1S a perfect matching in G,. Also 


M, ={v v,,V,Vv,}iS a matching in G,. However M,is not a | 


perfect matching. The points v,and v,are not M, - saturated. 
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Figure 5.10 


For the graph G,, M = {v,v,, V V>} is a maximum matching but 


is not a perfect matching. 
Example: 2 
For the graph G, given in Fig 5.10 
M AM, = {V,V,,V6V35VsV4s Vi V3, VGV; 


the graph H, = G [M AM, ]is given in Fig. 5.11. 


Us US 


Figure 5.11 


Clearly H,is a path whose edges are alternately in M, or M,. 


The origin v,and terminus v,are both M, - unsaturated. 


The following theorem due to Berge gives a characterization of 


maximum matching. 
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Theorem: 5.3 
Berge Theorem 
Statement: A matching M in a graph G is a maximum 
matching if and only if G contains no M — augmenting path. 


Proof: 


Let M be a maximum matching in G. Suppose G contains 


an M — augmenting path P = (Vp, V,, V55----5 Von) - 

By definition of M -— augmenting path the lines 
VoVis Va V35 VoVo are not m M and the lines 
ViVa Va Vape Vra orae in M. Hence 
M'= M = {VV V3 Vasea Vaka V ak3 Y EVYoVY i VaV 33e Vak Vaka 


is a matching in G and M'=M +1, which is a contradiction, 


since M 1s a maximum matching. Hence G has no M — augmenting 


path. 


Conversely, suppose G has no M — augmenting path. If M 
is not a maximum matching in G then there exists a matching M' 


of G such that M'>M. 


Let H = G|MAM' ]. By theorem 5.2, each component of H 
is either an even cycle with edges alternately in M and M' or a path 
P with edges alternately in M and M' such that the origin and the 
terminus of P are unsaturated in M or M'. Clearly any component 
of H which is a cycle contains equal number of edges from M and 
M'. 

Since M'> M there exists at least one component of H 
which is a path whose first and last edges are from M'. Thus the 
origin and terminus of P and M' — saturated in H and hence they 
are M — unsaturated in G. Thus P is an M — augmenting path in G, 


which is a contradiction. Hence M is a maximum matching in G. 
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Problems: 
Problem: i 


For what values of n does the complete graph K „have perfect 


matching. 


Solution: 

Clearly -any graph with p odd has no perfect matching. Also the 
complete graph K „has a perfect matching if n 1s even. For example if 
VK. JS 2 cece: sn}then {12,34......,.(1—1)n}1is a perfect matching of 


K,. Thus K has a perfect matching 1f and only if n is even. 


Problem: 2 


Show that a tree has at most one perfect matching. 


Solution: 


Let T be a tree. Suppose T has two perfect matching’s say M, 
and M,. Then degree of every vertex in H = T[M,AM, Jis 2. Hence 
every component of H is an even cycle with edges alternately in M 
and M,. This is a contradiction, since T has no cycles. Therefore T 
has at most one perfect matching. 

Problem: 3 
_ 


a aia 


Find the number of perfect matching’s in the complete bipartite 


graph K,- 
Solution: 


Rel Pe eee „Xand B={y,,y,,....... „Y, zbe a 


bipartition of kK. 
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We observe that any matching of K 


4 


that saturates every 


vertex of A is a perfect matching. Now the vertex x,can be 


saturated in n ways by choosing any one of the edges 


the next vertex x can be saturated in n—iways. Hence the 


number of perfect matching’s in Kis n(n -—1)....2.1= n! 


n.n 


Probiem: 4 


Find the number of perfect matching’s in the complete 


graph Kan z 


Solution: 


Let V(K,,)= {V,,V,,----5V,,}$- The vertex v can be 
saturated in 2n — 1 ways by choosing any line e,incident at v,. In 
general having chosen the edges e,,€¢,,......,e, a vertex v which is 
not saturated by any of the edges e,,e,,¢,,......,e, can be saturated 


in 2n—(2k+1) ways. We obtain a perfect matching after the 


choice of n lines ın the above process. 


Hence the number of perfect matching’s in K,,. 
= 1.3.5... (20-1) 


die Aw 22) 
2.4.6....2n 


_ (2n)! 
Ol 





109 


Space for Hints 


Space for Hints 


5.2 THE MARRIAGE PROBLEM 


set. ASH 4 Kin Resse ,x,}be a set of n boys and 
B={y,,Y>5---5¥,,} be a set of m girls in a village. Each boy has one 


or more girl friends. Under what conditions can we arrange marriage 
in such a way that each boy: marries one of his girl friends? This 


problem is known as the marriage problem. 

We now obtain a graph theoretical formulation of the above 
problem. Let G be the bipartite graph with partition (A, B) such that x, 
is joined to y if and only if y,is a girl friend of x,. The marriage 
problem is equivalent to finding the conditions under which G has a 


matching that saturates every vertex of A. 


For example, suppose there are five boys b,,b,,b,,b,and b, 


| and six girls g,,g,,2,,2,,g;, and g, with their relationship as follows. 


b ç > AS) Ba Bah =, 
b = = {8,835 =S, 

5 > Bae Bsh =S5 
b, > ih =5, 

co = pbp S; 


The bipartite graph representing this situation is shown in figure 5.12 
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[YY g Ba ‘Es és 
£1 i 
Figure 5.12 


One of the solutions to this example is, b to marry g,, b, to 


marry g ,b,to marry g,, b,to marry g,and b,to marry g,. 


Now, we present a necessary and sufficient condition for 
the existence of a solution to the above marriage problem. First 


given by P. Hall. 
Definition: 5.2.1 
Neighbour set 


Let S be a subset of the vertex set of a graph G. Those 
vertices of G which are adjacent to the vertices in S are called the 
neighbours of the vertices in S. The set of these vertices is called 


the neighbour set of S in G and is denoted by N, (S) or N(S). 
Example: 


Let S={v,,v;,v,}. We get N(S) = {V,, V3, V4, Veo Va} . 
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Vg 


Figure 5.13 


Theorem: 5.4 


Hall’s marriage theorem 


Statement: Let G be a bipartite graph with bipartition (A, B). 
Then G has a matching that saturates all the vertices of A if and only if 


N(S) 2 S , for every subset S of A. 


Proof: 


Suppose G has a matching M that saturates all the vertices in A. 
Let SCA. Then every vertex is S is matched under M to a vertex in 


N(S) and two distinct vertices of S are matched to two distinct vertices 


of N(S). Hence it follows that N(S) 25 . 


Conversely, suppose N(S) 2 5 for ali SCA. We wish to 


| show that G contains a matching which saturates every vertex in A. 


Suppose G has no such matching. 











J, Se 
4 rf F rin ods 
bS r ` i r| 7 ` 5 ` 
` \ 
~ f ` t . rig 4A 
` D 4 i EFi ` 
S í ne Z an ` ` 
\ i Lf 1r Pa ‘ ~ 
f y y 5 ` \ 
` i , y 3 
. / ms tee ` 
t ? fy ` 
` \ 7 ` 
A E. Z ` ` 
is t xi ` ` 
f X t 7 4 f 
t ze f ty" 1 f ‘ ` 
i 1% rh ` \ 
f we? i i of ` 
S poni 3 
T=N (8) 
J 
Figure 5.14 
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Let M* be a maximum matching in G. By assumption there 


exists a vertex <«,@Awhich is M* - unsaturated. Let 
Z={ve V(G) there exists a M* - alternating path connecting x, 


and v} 


Since M* is a maximum matching, by Berge's theorem, G 


has no M* - augmenting path and hence x,is tne cnly M* - | 


unsaturated vertex in Z. 


Let S=ZOA and T=ZOB. Clearly x, e S and every 


vertex of S—{x,} is matched under M* with a vertex of T. 


b 


Thus T=S -l (2) 


We now claim that N(S)=T. Clearly from the definition of T, we 


have 
T CNG) (3) 


Now, let ve N(S). Hence there exists u e Ssuch that v is 


adjacent to u. Since S = Z A A it follows that ue Z. 
Hence there exists an M* - alternating path P 
(Kas) ss Von reveee D O Vg) 


If v lies on P, then clearly ve ZAB =T. Suppose v does 


not lie on P. Now the edge y,ue M*. Hence the edge uvis not in 
M*. Hence the path P, consisting of P followed by the edge uvis 


an M* - alternating path. Hence ve ZA B=T. 
Thus N(S) c T (4) 
From (3) and (4) we have N(S)=T (5) 
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From (2) and (5) we have N(S)=T=S -1<S which is a 
contradiction. Hence the theorem. 
Remark: 


Hall’s theorem answers the marriage problem. The marriage 
problem with n boys has » solution if and only if for every k with 


LS k sn, every set of k bevs has collectively at ieast k giri friends. 


The following is an important consequence of Hall’s marriage 


theorem. 


Theorem: 5.5 


Let G be a k — regular bipartite graph with k > 0. Then G has a 


perfect matching. 


Proof: 


Let (V,V,) be a bipartition of G. Since each edge of G has one 


. end in V,and there are k edges incident with each vertex of V , we 


have q=k V, . 


By similar argument q=k V, , so that k V =k V, . Since 


k>Owe get V=V,. 


Now let Sc V,. Let E, denote the set of all edges incident with 


| vertices N(S). Since G is k — regular, E, =k S and E, =k N(S) . 


Also by definition of N(S), we have E, CE,, and hence it 
follow that k S<k N(S) . Thus N(S) 2S. 


Hence by Hall’s theorem, G has a matching M that saturates 


every vertex in V,. Since V, = V, , M also saturates all the vertices 


of V,. Thus M is a perfect matching. e 
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5.3 TREES 


Definition: 5.3.1 


A graph that contains no cycles is called an acyclic graph. 


A connected acyclic graph is called a tree. 


Any graph without cycles is also called a forest so that the 


components of a forest are trees. 
Example: 
Draw all the trees with 6 vertices. 


Solution: 


A 
S 


=] 


/™ Jo 
a Y 
| 


Theorem: 5.6 


Let G be a (p, q) graph. The following statements are 


equivalent. 


1. Gisatree. 
2. Every two points of G are joined by a unique path. 


3. Gis connected and p=q+l. 
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Space for Hints 4. Gis acyclic and p=q+1. 


Proof: 
| = 2: Let u, v be any two points of G. 


Since G is connected there exists a u — v path in G. 


Now suppose there exist two distinct u — v paths. 


P,:U=W,,W,,W,,.....,W, EV. 


Let 1 be the least positive integer such that 1 <i < mand w, ¢ P 


(such an i exists since P and P, are distinct). 


ty 


È hha —t © a 
Hence w_ e P AP,. 


Let j be the least positive integer such that i < j < mand w €P, 
Then the w,, —w path along P, followed by the w, w,_, path along P 


form a cycle which is a contradiction. 
Hence there exists a unique u — v path in G. 
2 = 3: Clearly G 1s connected. 
We prove p=q+1by induction on p. 
This is trivial for a connected graph with 1 or 2 points. 
Assume the result for graphs with fewer than p points. 
Let G be a graph with p points. Let x = uv be any Hine G. 


Since there exists a unique u—vpath in G, G — x is a 


disconnected graph with exactly two components G,and G,. 
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Let G béa (p,,q ) graph and G,a (p,,q,) graph. page 


Then p, +p, =pand q +q,=q-l. 
Further by induction hypothesis p, =q, +land p, =q, +1. 
Hence p =p, +p, 
=q, +q, +2 
=q-l+2 
=qt+l.” 
3 => 4: We must prove that G is acyclic. 


Suppose G contains a cycle of length n. 


There are n points and n lines on this cycle. Fix a point u on 
the cycle. Consider any one of the remaining p—n points not on 


the cycle, say v. 


Since G is connected we can find a shortest u — v path in G. 
Consider the line on this shortest path incident with v. The p — n 


lines thus obtained are all distinct. 


Hence q2(p—n)+n=pwhich is a contradiction since 


qt+l=p. Thus G is a cyclic. 


4 = 1: Since G is acyclic to prove that G is a tree we need only to 


prove that G is connected. 


Suppose G is not connected. Let G,,G,,....., G, (k 2 2)be 


the components of G. 


Since G is acyclic each of these components is a tree. 


117 


Space for Hints 


lence q, v l= p, where G isa (p,,q,) graph. 


ce yi (q, +1)= yi pa 
1.€., q +k = pand k 2 2, which is a contradiction. 
Hence G is connected. 
This completes the proof. 
Corollary: Í 


Every non — trivial tree G has atleast two vertices of degree 1. 


Proof: 


Since G is non — trivial, d(v}2lfor all points v. Also 


Š d(v) = 29 =2(p-—l=2p—2. 
Hence d(v) =I for at least two vertices. 
Definition: 5.3.2 


Spanning Tree: 


A spanning subgraph of a graph that is a tree is called a 


Spanning tree. 
Example: 


Draw all the spanning trees of the graph given in fig 5.16 
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Figure 5.16 


Solution: 


The spanning trees of the given graph are 


IOE 
N N N NY 


Figure 5.17 
Theorem: 5.7 


Every connected graph has a spanning tree. 


Proof: 


Let G be a connected graph. Let T be a minimal connected 
spanning subgraph of G. Then for any line x of T,T -xis 


disconnected and hence x is a bridge of T. 


Hence T is acyclic. 


Further T is connected and hence is a tree. 
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Corollary: 


Let G be a (p,q) connected graph. Then q2p-1. 


Proof: 

Let T be a spanning tree of G. Then the number of lines in T is 
p—1. Hence gq2p-l. 
Theorem: 5.8 

Let T be a spanning tree of a connected graph G. 


Let x =uvbe an edge of G not in T. Then T + x contains a 


unique cycle. 
Proof: 


Since T is acyclic every cycle in T +x must contain x. Hence 
there exists a one to one correspondence between cycles in T + x and 
u-— vpaths ın T. As there is a unique u—vpath in tree T, there is a 


unique cycle in T +x. 
Definition: 5.3.3 
Eccentricity, Radius, Centre 


Let G be any graph. Consider any vertex u e Gand its distances 
from all other vertices. The maximum of these distances is called the 


eccentricity of the vertex u and it is denoted by e(u). 


Consider the eccentricities of all the vertices of a graph G. The 
minimum of these eccentricities is called the radius of the graph and it 


is denoted b r(G). 


If a vertex u of a graph G is such that its eccentricity is equal to 


the radius of the graph (i.e) e(u) =r(G)then the vertex u is called a 
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central point. The set of all central points of the graph is called | Space for Hints 


the centre of the graph and it is denoted by c(G). 


Example: 
V3 
Ys 
V2 
a 
i Ng 
V4 
G 
Figure 5.17 

Distance of v, Distance of v, 

d(v,,v,)=1 d(v,,v,)=1 

d(v,,v,)=2 d(v,,v,)=1 

d(v,,v,) =2 d(v,,v,)=1 

d(v,,v,)=3 d(v,,v,)=2. 
Eccentricity e(v,) =3 e(v,)=2 
Distance of v, Distance of v, Distance of v, 
d(v,,v,)=2 d(v,,V,)=2 d(v.,v,)=3 
d(v,,v,)=1 d(v,,v,)=1 d(v.,v,)=2 
d(v,,v,)=1 d(v,,v;,)=1 d(v,,v,)=2 
d(v,,v,)=2 d(v,,v,)=1 d(v.,v,)=1 
e(v,)=2 e(v,) =2 e(v,) =3 
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The minimum of all eccentricities 1s 2. 
<. Radius of the graph is r(G) = 2. 
We find e(v,) =e(v,) =e(v,) =r(G) 


<. V,, V3, V,are central points of G. 


So the set {v,,v,,Vv,}1S the centre of the graph s 
Ge) C(G) = {V3 V3; Vas 
Note: 


The above definition (5.3.3) 1s also stated as 


Let v be a point in a connected graph G. The eccentricity e(v) 


of v is defined by e(v) = max {d(u,v) ue V(G)}. 
The radius r(G)is defined by r(G) = min{e(v) ve V(G)}. 


v 1s called a central point if e(v)=r(G)and the set of all 


central points is called the centre of G. 


Theorem: 5.8 


Every tree has a centre consisting of either one point or two 


adjacent points. 
Proof: 


The result is obvious for the tree K and Ks: 
Now, let T be any tree with p = 2 points. 


T has at least two end points and maximum distance from a 
given point u to any other point v occurs only when v is an end point. 
Now delete all the end points from T. The resulting graph T' is also a 
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tree and thie eccentricity of each point in T' is exactly one less than 
the eccentricity of the same point in T. Hence T and T' have the 


Same centre. 


in the process of removing end points is repeated, we obtain 
successive trees having the same centres as T and we eventually 


obtain a tree which is either K, or K,. 


Hence the centre of T consists of either one point or two 


adjacent points. 
5.4 CONNECTOR PROBLEM 


Consider the construction of railway lines connecting 
different cities. It is desirable that the cost of construction is 
minimum. The problem of designing a railway net — work to 
minimize the total cost of construction is one of the many 


problems known as connector problems. 


Each city can be considered as the vertex of a weighted 
graph G and the railway lines connecting the cities as edges. The 


cost of construction of the railway line between the cities v,and v, 
is c, taken as the weight of the edge v,v,. Then the connector 


problem is equivalent to finding the connected spanning subgraph 
with minimum weight. Further the minimum weight spanning 
subgraph is clearly a spanning tree. This minimum weight 
spanning tree of a weighted graph is called an optimal tree. Hence 
connector problem is the same as finding an optimal tree of a 


weighted graph. 
Note: 


(1) The optimal tree of a weighted graph is not unique. 


(2) If the weights of all the edges of a weighted graph are equal 
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| then any spanning tree is an optimal tree. 


They are a number of methods to find an optimal tree of a weighted 


graph. We discuss only Krushkal’s algorithm and Prim’s algorithm. 
5.4.1. KRUSHKAL’S ALGORITHM 


Krushkal’s algorithm to find an optimal tree of a weighted 
graph. 

Let G be a weighted graph whose edge set is E. Let w, be the 
weight of the edge e, for k =1,2,3,....... The algorithm of finding an 


optimal tree that is a spanning tree of minimum weight 1s given in the 
following steps. 
Step: 1 


Choose a link e of minimum weight w,. 


Step: 2 


Having chosen {e,,¢,,........ „€; } choose the edge e,,, such that 


i+] 
(1) 6; © 46 26 ey 
(1) {pCa C2, ©, } IS acyclic. 


(Gu) The weight of e. 


i+l 


is least among the remaining edges. 


Step: 3 
Stop when step (2) cannot be further employed. 


When the algorithm terminates we get a spanning tree with 


minimum weight and hence an optimal tree of the graph. 


Problem: 


Using Krushkal’s algorithm find an optimal tree of the 


weighted graph G given below. 
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Let us label the vertices and edges of the graph as follows. Space for Hints 





Choose the edge e with minimum weight w, =10. From 
E — {e,} choose e, with minimum weight w, =10. Clearly {e,,e,} 
is acyclic. From E-—f{e,e,}choose e with minimum weight 


W, =20clearly {e,,¢,,¢,$18 acyclic. 





From E-—{je,,e,,e,}choose e, with minimum weight 
WwW, =20. Clearly (esos Cues is acyclic. From 
E —{e,,€,,€,,€,,$ choose e, with minimum weight w, =30. 
Clearly (€,,¢,,¢€,,€,,,€;) 18 acyclic. From E~—{e,,e,,e,,¢,,,¢,} 
choose e, with minimum weight w,=30. Clearly 


Ope ap Cas Cigs eevee) 1S ACYCIIC. 


Now the algorithm terminates as 6 edges have been chosen 


in a graph of 7 vertices. 


..The optimal spanning tree which has been constructed 


{25 


Space for Hints | has the edge set {e,,€,,€,,€,)5€5,€,}- 
Weight of the optimal tree T=w,+w,+w,+w,+W,+w,. 


=104+104+ 20+ 20+30+ 30 
= 120: 


Theorem: 5.9 


Any spanning tree constructed by Krushkal’s algorithm in a 


weighted graph 1s an optimal tree. 
Proof: 


Let G be a weighted graph of n vertices. Let T be a spanning 
tree constructed by Krushkal’s algorithm. We have to prove that T is 


an optimal tree, that is T is a spanning tree of minimum weight. 


If possible let T be not an optimal tree. Therefore there are 
spanning trees of smaller weights than T. Any two spanning trees of a 
graph have some edges in common (why?). Let k be the largest 
number of edges common with T and any other optimal tree. Let T' be 
an optimal tree with k edges common with T and T'# T. Let the 


common edges be e¢,,€,,........ „€, taken in ascending order of weights. 
So we can take 


TS 46 sess eccccces LaLa a eee coeceves ee 


Since T' is a spanning tree and e,,, ¢ T'we find T'+e,,, contains 
a unique cycle C(say). Clearly C is not contained in T. So the cycle C 
contains an edge e € T'such that e, ¢ T. Deleting e, from the cycle C 


we get a Spanning tree. 126 


RS eg ee E 
“. W(T,) = W(T") + w(e,,,) — wle,) (1) 
As T is a spanning tree and T' is an optimal tree 
W(T') < W(T_) (2) 
From (1) and (2) 
wec) 2 w(e,) 


By our choice of e,,,and e step 2 of the algorithm e e,, is 


of smaller weight than e, 
WE) S w(e,). 
So we get w(e,,,) = w(e,). 
Using this in (1) W(T,) = W(T') 


Since T' is an optimal tree it follows that T is also an 


optimal trec. 


= cas, t 
Now T, = T'+e,,, —€, 


Thus we get an optimal tree T, with k+1edges common 


with T. This is a contradiction to our hypothesis. So our | 


assumption that T is not optimal is wrong. Hence T is an optimal 


tree. 
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5.4.2 Prim’s Algorithm 


Let G be a graph of n vertices. Select arbitrarily any vertex. Call 


it v,. Choose the edge of minimum weight among the edges incident 
at v,\.Call the other end of this edge as v,. Consider the tree {v,,v,} 


as a subgrpah of G. Choose the edge of minimum weight among the 


edges incident on v,and v,and such that the order end vertex v, of 
this edge is in G - {v,,v,}. Consider the tree {v,,v,,V,}as a subgraph 
of G. Choose the edge of minimum weight among the edges incident 


on v,,v,and v, and such that the other end vertex v, of this edge is in 
G —{v,,Vv,,V,}. Proceeding like this we get a tree {V,,V,,Vj,------5V 
This tree is clearly a spanning tree of minimum weight of the graph G 


and so 1s an optimal tree of G. 
Remarks: 


Prim’s algorithm is more efficient that Krushkal’s algorithm, 
for we need not check connectivity and cyclicity of the construction at 


any stage. 
Problems: 


1 Using Prims algorithm find an optimal tree of the graph G given 


below: 
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Following the algorithm step by step we get the following 


optimal tree. 


vy, 10 Cy, 





Weight of optimal tree 
= w(v,,V,)+ w(v,v,) + W(V,V,) + W(V,V,) + 
+ wie + Ww(V,Vv,). 
=10+ 20+ 30+10+30+4 20 
= 120 


2. If 6=2in any connected graph G, prove that G contains a 


cycle. 
Solution: 


Given G is a connected graph with 622. If G does not 
contain cycles then G is a connected acyclic graph and so it is a 


tree. 
Therefore there are atleast two pendant vertices in G. 


It is a contradiction to the data that the minimum degree of 
any vertex is 6> 2. 


Hence G contains a cycle. 
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